
CMS 165 Foundations of Machine Learning Homework 3

An orthogonal decomposition of a symmetric tensor T ∈ Rn×n×n is a collection of orthonormal vectors
{v1, v2, . . . , vk} together with corresponding positive scalars λi > 0 such that

T =

k∑
j=1

λjv
⊗3
j (1)

In this question we will consider the variational characterization of this decomposition. First, consider the
variational characterization of the eigenvalues of a symmetric matrix M . Let λi denote the eigenvalues and
assume λ1 > λ2 > . . . λk. Then the Rayleigh quotient

uTMu

uTu
(2)

is maximized over non-zero vectors by the eigenvector associated with λ1. Recalling the multilinear tensor
notation from class, one can write the mapping as follows,

u→ uTMu

uTu
≡ u→ M(u, u)

uTu
(3)

In tensors, the notion of eigenvectors becomes a little different than matrix case. For an extensive
discussion please refer to Section 4 of [1]. For a third order tensor T , the orthogonal decomposition given in
(1) is unique and {v1, v2, . . . , vk} are called robust eigenvectors. Consider the generalized Rayleigh quotient

u→ T (u, u, u)

(uTu)3/2
(4)

and consider the following optimization problem

max
u∈Rn

T (u, u, u) s.t. ‖u‖ ≤ 1. (5)

Question 1. True/False The robust eigenvectors {v1, v2, . . . , vk} are the only stationary points of this
maximization. Explain your answer in detail and compare it with matrix case.
Hint: [1] is a good resource for solving this question.

In [1], the convergence analysis of tensor power method is shown for a tensor T which has an orthogonal
tensor decomposition. In this question, we will look at the case where tensors have non-orthogonal tensor
decomposition. Non-orthogonal tensor decompositions can be reduced to orthogonal tensor decomposition
and then tensor power method can be used to recover rank-1 components of orthogonal tensor decomposi-
tion.
Question 2. Mathematically describe the conversion of non-orthogonal tensor decomposition to orthogo-
nal decomposition. How can we obtain the non-orthogonal components from the output of tensor power
method?
Hint: In order to answer this question and for further details, it would be good to refer to TensorBook on
Piazza.
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https://piazza.com/class_profile/get_resource/jq1tbyrptsw6ce/jr82wt0ucjt6meon


Question 3. A very useful trick in non-convex optimization problems is to find hidden convexity in the
problem and solve the non-convex problem by converting it to convex form. Examples can be found in [2]
and [3]. Specifically in [2], Belkin et al. discussed that many important problems in machine learning can be
interpreted as basis learning and demonstrated that they can be formulated as gradient ascent. Following the
discussion in [2], show how the matrix eigenvector recovery and tensor orthogonal decomposition problems
can be reformulated.

Question 4. You can refer to [4] to answer this problem.

4.1. Briefly explain what is a graphical model, in terms of the conditional independencies among the
random variables in the model.

4.2. What is a tensor network diagram?

4.3. Refer to definitions 1.1 to 1.4 in the [4]. Explain why a graphical model associated to a graph
H = (U,C) with clique ψC is the same as the data of a tensor network associated to its dual graph H? with
tensors ψc at eah vertex of H?.
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