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Abstract—We consider spatial graphical models on random network deployed for environmental monitoring applicato
Euclidean points, appllc_ab_le for data in sensor _and social gr a social network among peop|e in a geographic region'
networks. We establish limit laws for general functions of he where opinions are formed and propagated [6].

graphical model such as the mean value, the entropy rate etc. We limit f i el f imitv-based
as the number of nodes goes to infinity under certain conditios. € limit our tocus 10 a general class ol proximily-base

These conditions require the corresponding Gibbs measureot Euclidean random graphs satisfying a localization prgpert
be spatially mixing and for the random graph of the model called stabilization e.g., thek nearest neighbor graph and
to satisfy a certain localization property known as stabilzation.  the geometric disc graph. Scaling laws for such graphs have
Graphs such the k nearest neighbor graph and the geometric been characterized in [7], [8]. However, the results in [7],

disc graph belong to the class of stabilizing graphs. Intuively, .
these conditions require the data at each node not to have sing [8] only hold when the measurements at the nodes are i.i.d.

dependence on data and positions of nodes far away. Finally, and independent of the graph. In contrast, we consider nodes
it is shown that spatial mixing of the Gibbs measure on a having measurements whose joint probability distribuioa

random graph holds when a suitably defined degree-dependent Gibbs measure on a random Euclidean graph.
(but otherwise independent) node percolation does not hava o contributions are three fold. First, we establish con-

iant component. . . .. . L
g I ndex Tl?arms—Spatial graphical models, random Euclidean ditions for existence of limits and derive the limits for a

graphs, phase transition, spatial mixing, stabilization. general class of functions of spatial graphical models on
random Euclidean graphs. Second, we relate these corglition
|. INTRODUCTION to notions of correlation decay of the Gibbs meaS\spatial

Graphical models incorporate complex relationships amongxing) [9] and stabilization property of the graph of thebGs
random variables on dependency graphwhere the nodes measure [7], [8]. Third, we study specific graphs and models
in the graph represent the variables under consideratipn [where these conditions hold. We defer the detailed proofs to
Roughly, neighboring nodes in the dependency graph &he full version of this paper.
strongly related to one another, while nodes that are well
separated on the dependency graph are weakly related.

A key question for large-scale graphical models is the motio In this section, we introduce the model for node placement
of correlation decaydoes the correlation between nodes deca@nd then describe the graphical model for the node mea-
with their graph distance? This is most extensively studiied surements given the node locations. Finally, we discussesom
the Ising model on a regular lattice grid [2], where it captur functions of the graphical model which are of interest.
the phase transition between the gaseous and liquid states; .
the gaseous state, there are only weak forces among the nj%@t'on
(molecules) and correlation decay occurs, while in theitiqu For any finite setC, let |C| denote its cardinality.Let
state, the nodes have strong attractive forces and there isdn= (V, Eg) denote an undirected graph ot Let E(i; G)
correlation decay. Establishing correlation decay indasgale denote edges incident to nodedeg(i) its degree N (i; 9) its
graphical models has many implications, such as efficiaratilo (immediate) neighbors and leV*(i; ) its s-neighborhood,
computation of various functions of the graphical mode+[3]i.€., the set of nodes withis hops fromi. For any two nodes
[5]. Extensive results on correlation decay are available fVi,V; € R% let disteuc(V;, V;) denote the Euclidean distance
various models when the dependency graph is either a g@iad let distg(V;,V;) denote the graph distance (minimum
graph or a tree [2]. number of hops betweev; andV; on graphS).

In this paper, we provide sufficient conditions for correla- Let 0 € R? denote the origin and, (V) C R¢ denote the
tion decay in random spatial graphical models. We consideall of radiusr centered at locatioll € R?. Let P, denote the
graphical model ovem nodes with correlated data placediomogeneous Poisson distribution & with intensity~ and
randomly in growing regions oiR? and study the scaling let P; o:=P, U {0}. Letdry (P, Q) denote the total variation
laws for certain functions of the data, as we tet— oco. distance between two measutBsand @, given by
This model is applicable in many scenarios such as a sensor doy (P, Q)::S%p PIK] — QIK]],

Il. SYSTEM MODEL AND FORMULATION
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over all Borel setsk in R, When X andY are variables where_ I denotes conditional independence. Hence, the mea-
defined on a common measwewith abuse of notation, surement at a node is conditionally independent of the rest o
the network, given the node locations and the measurements a
drv (X, Y)':S%p WX € K] - v[Y € K]|. its neighbors in the dependency graph, and is formally known
as aMarkov random field10].

] ) _ ) To obtain scaling behavior a8 — oo, we assume a
We considem nodes randomly located in growing regiong,omogeneous translation-invariant model

onR? taking correlated measurements. Letc R? denote the

A. Random Node Locations

location of node. We assume that all the locatiokisare gen- P[Y,|V, =v,] =P[Y,.|V, =v,+v], YveR%
. .. . ivi.d.
\?vrr?éfg flnisagrll.l.da;n\;a\llirlﬂesruas g:gwihlfz’n‘)ﬁ;é"é )((6‘) Wit{:, This implies that the node potentials are identichl, = @)
yp PP ! " foral ¢ = 1,...,n, and that the edge potentials to be
0 < fmin < f(2) < fmax <00, x € B1(0). translation invariant. AdditionallyG(v,,) is also translation

invariant. We limit ourselves to stabilizing graphs, defiteter
in Definition 4, such as thé nearest neighbor graph and the
geometric disc graph.

The node locations are the scaled versionsXgf i.e., V; =
g/?Xi. Hence,n nodes are located randomly in volurje
We let n — oo, while keeping the density\ and the
dimension of the Euclidean spaddixed. For the special casec. Functions of Interest
of uniform node placementf = 1), asn — oo, the set of
node locations behave locallfike a homogeneous Poisson
processP, and for general node placementsthey behave o 1"
locally like a Cox process [8, Lemma 3.1]. Ypyn=lim = > E[Y]. 3)

n—oo N
=1

Perhaps, the simplest functional is the limiting mean value

B. Gibbs Model for Node Measurements . . o . .
L ) The partition functionZ and its limit are of interest in many
The measuremenY; at each node is discrete with a applications [1],

finite sample spacg’ with cardinality|Y|. In order to explic- .
itly denote the measurements of nodes at locativhs we .1 (n)*z ii.d.

. . . T = lim — log Z , - V., ~°f, 4
sometimes use the alternative notatgw, , in place ofY,,. BaX= e 0B Vb A nf @)

We assume thaP[Y,[V, = v,] follows a pairwise Gibbs The apove constarit (or sometimes its scaled version) is
measure. _ o _ ~ known as thepressureor specific Gibbs free enerd, Def.
Definition 1 (Gibbs Process)A pairwise Gibbs measure is 15 36]. The derivative of the pressure with respect to the
1 8% W, (ViYi)te Z B, (V) parameters} (usually known as inverse temperature) yields
PY, |V, =v,] = 7 etresem =t ) 9 1
“ ) 55 eoa=—lim — Y EW,Y), ()

a5 noom
where G(v,,) is a graph defined on the Euclidean points, (6.3)€5(Vn)
usually known as thdependency graptn (1),0 < Z,, < oo
is the normalizing constant, known as tpartition function.
ZztihféjZ(;thoen;\l;;gn::lzsknown as the edge potentials ahd Another important quantity is thepecific entropy

For example, in the Ising modefl(Y;,Y;) = Y;Y; and . H(Y,|V.,)

®(Y;) = Y. In this paper, we consider the dependency MA.a= lim —— =
graph for node measuremerfi$v,,) modeled by a random
Euclidean graph, where the randomness arises due to

l ..
with (2)¢ V,,"k . Hence, the existence of the limit in a
certain regime ofg implies the existence of limit in (4).

=E[Tgyx + 40,

\%heerefﬁmA is the specific Gibbs internal energgiven by

random locations of the nodes and the graph is based on the 1 n
Euclidean distances between the node pairs. Henceforth, wWes.».x:= — lim. ﬁ[ﬁ > WYy, Yu)+y Y @(Yy,)). (6)
use the notatioiPg,, [Y |V, = v,] to explicitly denote the (4,5)€5(Vn) i=1

Gibbs process witl§i(v,) as the dependency graph. Our goal is to find the regimes where limits in (3), (5),
The Gibbs proces®[Y,[V, = v,]| can alternatively be 5,4 (6) exist by casting them as functionals over a marked

specified through a Markovian property on the gr§pt,,) for point process. LetM;:=(V;,Y;) denote the tuple for node
distributions satisfying the positivity conditio®[y, |V, = i, consisting of its locationV; € R¢ and its measurement
vn] > 0 for all possible valuey, € )", i.e., there are no 51 ey;. Let M,,:={M,, My, ..., M,} denote the set of node
hardcore constraints. In this case, location-measurement pairs of all thenodes. We also use the
alternative notatiodI(V,,) to denote the set of node-location
pairs M,, with locations fixed atV,,.

20ur results hold in the general case whemas some compact support. For each marked poimt/; € M,,, let {(M;; M,,) denote a
*Specifically, lim_drv(PxNBr(0), VaNB(0)) = 0for any finiter > 0. translation-invariant functional which specifies the tielaship

Yi LYv, i) | 1Y NG9 = YNas) Vo =Vat  (2)



of the marked point\/; to the entire selM,,. We focus on  Remark 1:For uniform node placement pdf = 1), (11)
functionals of the form simplifies to

M;; M(V,)) = E(Mi;; M(N (3, 5(Va)))), 7 1 n—oo

MMV = S MNESVRD, D L Sh e (v, )] "= Ble(Mo: MPL)L. £ =1.

consisting only of relationships between a node and itsmeig = i=1
bors and holds for the summands in (3), (5), and (6). Hence, the limit of expected value of functiogsat the
nodes of a graphical model exists under weak stabilization.
Moreover, the limit is given by a local quantity, i.e., the

n

IIl. LimMIT LAWS FORGIBBS FUNCTIONALS

We prove the existence and find the limit expectation of the function at the origin over a homogeneous
1 Poisson process, in case of uniform node placement. For non-
lim — ZE[{“(MZ-;M,L)] (8) uniform node placement, the intensity of the corresponding
noeen i Poisson process depends on the node placement.pdf

For the existence of the above limit, we expect the value o\, syrricIENT CONDITIONS FORWEAK STABILIZATION
functional ¢ at each node not to have strong dependence on

nodes “far away” from it. We formalize this notion through The existence of the limit in (11) thus requires stabiliaati

the concept ofveak stabilization which in turn imposes constraints on dependency géphd
on the model parameters in (1). In general, it is not traetatl
A. Weak Stabilization establish the exact stabilization regime in (9), and weeindt
For any marked point s&¥ = (V,Yv) where the point establish some sufficient conditions in terms of spatialingix
setV € R? is locally finite, let of the Gibbs measure.
€My, r):= esssup £(Mo,M((VNB,(0)UA)), A Spatial Mixing
ACRIN\B(0) The notion of spatial mixing is used here to limit the influ-
§(My, T)ZZACeﬂsg\igf(o)é(Mo, M((V N B,.(0)) U A)), ence of a node’s measurement on the conditional distributio

of measurements at other nodes.

where esssup and essinf denote essential supremum and Definition 3 (AImost-Sure (Weak) Spatial Mixing [9]k

infimum, (i.e., almost everywhere). Gibbs proces®[Y+v] on a locally finite node seV exhibits
Definition 2 (Weakly Stabilizing FunctionalA functional weak spatial mixing a.s., when for measuremgntat every

& on marked points is said to be weakly stabilizing on a markeint v € V and any node subsgt C V, we have a.s.,

point setM (V) whereV € R? is locally finite if ]
drv (P[Y,[Yy =yv], P[Y,[Yy =2v]) < d(distg(v,V)), (12)

for any two feasible configurationg,,z, € YV, such that
The above condition states that the effect of faraway nodégn d(s) = 0.
(their measurements and locations) on the value of funation Hence, spatial mixing implies correlation decay over long
¢ decays with distance. We require weak stabilization of thfistances since the influence of a node on another node
functional¢ on homogeneous Poisson procesBedor some decreases with their graph distance. More specifically), ith2
range of intensities. plies the asymptotic independence between the measurement
at a node and an expanding boundary.
Comparing the notion of spatial mixing in (12) with that of
We now show that the limit in (8) exists when weak stabitabilization in (9), we note two important differencestski
lization in (9) is satisfied on homogeneous Poisson prosesste spatial-mixing conditions are described in terms graph
We also assume bounded moments conditior ¢8]. distancedistg while stabilization is in terms of Euclidean
distancedistq,.. Second, the spatial-mixing condition only
deals with the measurements of far away nodes while the
stabilization condition deals with both the measurements a
locations of far away nodes. The locations of far away nodes
also influence the measurement value at the origin, indyrect
through the configuration of the random graphHence, spa-
tial mixing, by itself, is not sufficient to guarantee stétstion
for graphical models on randomly placed nodes.

Jim_ dry(E(Mv,7),{(Mv, 7)) = 0. 9)

B. Law of Large Numbers

sup E [£(M1,M,,)|F < o0, for somep > 1. (10)
neN
Theorem 1 (LLN for Weakly Stabilizing Functionals):
For a functional¢ weakly stabilizing according to (9) on
homogeneous Poisson proc&ss for all 7 € [\ fiin, A fmax)s
where f is the node placement pdf with bounds,;, and
fmax and& has bounded moments in (10), we have

%ZE[g(Mi;M(Vn))] noge B. Stabilizing Graphs
i=1 As stated before, we limit ourselves to dependency graphs

/ E[£(Mo; M(Px ;)] f (y)dy < oc. (11) o©f the graphical model in (1) which are strongly stabilizing
B1(0) Y We now formally define this property.



Definition 4 (Strongly Stabilizing Graph [8])A
translation-invariant graphS(V) on locally-finite points
V with 0 € V is strongly stabilizing with an a.s. finite
(random) radius of stabilizatiolR < oo if for all locally
finite setsA C R%\ Bg(0),

E(0;$((V N Br(0)) UA)) = E(0,5(V N Br(0)). (13)

The radius of stabilization? is defined to be the smallest
integer for which (13) holds.

Hence, a strongfy stabilizing graph has localized edges:
the edges of a node in the graph are immune to changes
made outside the ball centered at that node with a finite sadiu
R < co. A wide range of proximity graphs satisfy the strongig. 1. Pictorial representation of maximursstable neighborhood/ (r).
stabilization property in (13) such as tienearest-neighbor bga(;‘r?éngr;gi %?;g%‘é;at('}?}‘(;’)f_ g%‘ie?lg)eﬁgp‘é;igi't?g?]”gf;?sO”'y nodes
graph, the geometric disc graph, minimum spanning tree, ané
so on; see [7] for an extensive list of strongly stabilizing

graphs. o . Theorem 2 (Weak Stabilization via Spatial Mixingd): a

The strong stabilization condition in (13) rules out anyg_on Gibbs process defined on a homogeneous Poisson prBgess
range edges, and hence, there cannot be short graph dstapcg s weak spatial mixing as in (12), and the dependency
between spatially well-separated nodes. This is useful dlaphS of the Gibbs process is strongly stabilizing as in (13)

relating the spatial mixing condition in (12) to the staaliion g, P, then the functional of the form (7) weakly stabilizes
condition in (9) since here, the graph distances grow Wigbcording to (9) orP,.

Euclidean distances. _ Proof:  Under spatial mixing in (12), we can consider a
We now prove another property of a strongly Stab"'z'“%oundaryv of nodes which areM (r) hops away from the

graph which cha_ra_cterizes the effect on the extended nei%‘?l‘gin and by (15), since the maximurstable neighborhood
borhood of the origim\*(0) for somes, due to changes madeM(T) grows with 7, the influence decays as grows and
faraway from the origin. To this end, define f&;,r > 0, stabilization holds. O

M(r):=inf[s: Ry > r,s € N]. (14) Hence, spatial mixing implies weak stabilization if the
] . ) graph of the Gibbs process is strongly stabilizing. Recall
Lemma 1:A strongly stabilizing graptt on the Poisson that weak stabilization in turn implies existence of limits

prﬁgre)s:g;ﬁbi;riz%\f;{g;gflgr jﬁsi:‘:rzwii?g Vgtlg respect to itsgeneral Gibbs functionals in Theorem 1. There are mainly two

methods to establish regimes of spatial mixing and we dgscus
N?*(0,5(Pr0N Bg,(0))) = N*(0,5((Pro N Br,(0)) UA)), them now.

for all locally-finite A C R?\ Bg,(0), where R,(P,) < oo V. STABILIZATION IN SPECIFIC GRAPHS
(a.s.) is thes-hop stabilization radius. FoM (r) defined in

(14), under Poisson process o,

A. Stabilization Under Finite Maximum Degree

) . We first consider spatial mixing in graphs which have
Tll,IEOS (r) = o0, a.s. (15)  a finite maximum degree\ < oo and are also strongly
Hence, a strongly stabilizing graph is also stabilizinghwitStaPilizing. For instance, thé-nearest neighbor graph has
respect to its-hop neighborhood, for any finitee N, and has & = (¢a + 1)k, wherec, is a constant called the kissing
radius of stabilizationR,(P,.o). This implies that changing "Umber [11, Cor. 3.2.3]. Intuitively, when the Gibbs potast
locations of nodes and/or adding deleting nodes outside € Weak and there are no high degree nodes in the graph, the
ball B,.(0) can only change the graph beyoh#{(r) hops from influence of far away nodes is limited and spatial mixing lsold
the origin and the(M(r) — 1)* neighborhood of the origin Formally, the (Dobrushin) influence coefficient of t a node
is unchanged. Hence, we refer 1d(r) as the maximuny- J ON nodei in a node seV is [9], [12],

stable neighborhood of the origin on a stabilizing graphrave . ji= max doy (PY;[ Yy = v, PYi[ Yy, = 2)). (16)

Poisson point process. See Fig.1 for a pictorial repretienta y,zey!VI-

We will see that the above result is crucial in relating spati y(k)=2(k), k]

mixing with stabilization. Note that from Markovian property in (2, ; = 0 if j ¢

C. Sufficient Conditions for Weak Stabilization N (i; ). The maximum influence on any node is given by

. L Q= 5. We h Dobrushin’ ditié
We now show that spatial mixing in (12) and stablllzmga rgg;(jgcd € have Lobrushin's condition

raph in (13) imply weak stabilization in (9). . .
grap (13) imply ©) a < 1= Spatial Mixing a7
4In order to distinguish from our weak stabilization defimitiin (9), we use

the term strongly stabilizing in (13). 5There are a general set of sufficient conditions for spatialng in [12].



If we consider a specific model in (1) such as the Ising model, VI. CONCLUSION

then the above condition translates to a regime of inversepe considered graphical models on random Euclidean
temperate3 < (.(A), for some critical values.(A) which  points and derived limit laws for various functions, as the
depends on the maximum degrée number of nodes goes to infinity. We derived sufficient con-
For graphs with no finite degree bound, the condition in (1@jtions for existence of limits, by controlling the influenof
holds only under the trivial case of independent data at ®0d@e data and locations of faraway nodes. In future, we plan
asn — oo and hence, we consider an alternative approachtp investigate necessary conditions for existence of syt

well as provide lower and upper bounds on functions, when
B. Stabilization Under Growing Maximum Degree the limits do not exist.
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