ROBUST RATE-MAXIMIZATION GAME UNDER BOUNDED CHANNEL UNCER  TAINTY
Amod J.G. AnandkumarAnimashree AnandkumzaiSangarapillai Lambotharal and Jonathon Chambers

fAdvanced Signal Processing Group, EE Dept., Loughborougvelsity, Loughborough, UK LE11 3TU.
fLaboratory for Information and Decision Systems, EECS DT, Cambridge, MA, USA 02139.
Email: T{A.J.G.Anandkumar, S.Lambotharan, J.A.Champ@tboro.ac.uk}animakum@mit.edu

ABSTRACT given that the power allocations of other users is constemt,
The problem of decentralized power allocation for competiive user can further lncrgase the achieved mformgtlon r.ate uni
rate maximization in a frequency-selective Gaussian intder-  laterally. However, this work and others extending thiskvor
ence channel is considered. In the absence of perfect knowlge ~ such as [3], [4] and [5] all assume perfect channel state in-
of channel state information (CSI), a distribution-free robust ~ formation. This is a very strong requirement and generally
game is formulated. A robust-optimization equilibrium (RE)is  cannot be met by practical wireless systems.
proposed where each player formulates a best response to the e raditional game-theoretic solution for systems with

worst-case interference. The conditions for existence, ugue- imperfect information is the Bayesian game model [6] which
ness and convergence of the RE are derived. It is shown that¢h P Y 9

convergence reduces as the uncertainty increases. Simutats ~ US€S a probabilistic approach to model the uncertaintyen th
show an interesting phenomenon where the proposed RE moves System. However, a Bayesian approach is often intractable
closer to a Pareto-optimal solution as the CSl uncertainty bund  and the results strongly depend on the nature of the prebabil
increases, when compared to the classical Nash equilibriunm- ity distribution functions.
der perfect CSI. Thus, the robust-optimization.equilibrigm suc- The issue of bounded uncertainty in specific distributed
cessfully counters bounded chann_el uncertainty and increses optimization problems in communication networks has been
systqm §um-rate due to users belng more conservative about . tigated i 7 h hni defi h .
causing interference to other users. investigated in [7] where techniques to define the uncer
tainty set such that they can be solved distributively byusdb
optimization solutions are presented. In [8], incomplete-
information finite games have been modelled as a distributio
freerobust gameavhere the players use a robust optimization
1. INTRODUCTION approach to counter bounded payoff uncertainty. This robus
game model also introduced a distribution-free equilitoriu
The problem of competitive rate maximization is animpoftan concept called thsbust-optimization equilibriumHowever,
signal-processing problem for power-constrained muWsu {he results in [8] for the robust game model are limited to
systems. It involves solving the power control problem foripite games, which is not applicable here.
mutually interfering users operating across multiple drex We present a distribution-free robust game formulation
cies. The classical approach to rate maximization has begpy the rate-maximization game where non-cooperativesuser
finding globally optimal solutions based on waterfilling .[1] formulate best responses to worst-case interference tieou
However, the major drawback of this approach is that thesgnannel uncertainty. We analyse the robust-optimization
solutions require centralized control. These solutiomsiar equilibrium (RE) for this game and derive sufficient con-
here_ntl_y unstable in a competitive multi-user _scenarimcesi ditions for its existence and uniqueness. We propose a
a gain in performance for one user may resultin a loss of pegecentralized algorithm where the players use an iterative
formance for others. Instead, a distributed game-thegeti  \yaterfilling solution to converge to the robust-optimizati
proach is desirable and is being increasingly considergd oneqilibrium under certain sufficient conditions. Compared
over the past decade. N S with the Nash equilibrium for the rate maximization game un-
The seminal work on competitive rate maximization [2] ger perfect CSI [5], we show that the conditions are stronger
uses a game-theoretic approach to design a decentralized gl ger channel uncertainty. We compare the global efficiency
gorithm for two-user dynamic power control. This work pro- 4¢ the RE and the NE through simulations and show that
posed a sequential iterative waterfilling algorithm foral®a RE nhas higher efficiency due to users being more conser-
ing the Nash equilibrium (NE) in a distributed manner. A,ative about causing interference under uncertainty which
Nash equilibrium of the rate-maximization game 'mp“eﬁthaencourages better partitioning of the frequencies amoag th
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E{-}. The quantity[A];; refers to the(i, j)-th element of all the players know that everyone else is using the robust
A. RT"" is the set ofn x n matrices with real non-negative optimization approach to the payoff uncertainty, they wioul
elements. The spectral radius (largest eigenvalue) ofxnatr  then be able to mutually predict each other’s behaviour. The

is denoted by (A). The operationz]® is defined agz]® =  robust gam&;o, Where each playerformulates a worst-case
aifx<a;zifa<z<b; bif x>0 robust optimization problem can be written agg € €,
a pq(k)
_ i log | 1+ -
2. SYSTEM MODEL H%)%X I}lrl? ; o8 < Ug(k) + Zr#q Frq(k)pr(k)>
We consider a system similar to the one in [5], whichis a ¢ ¢, Fy € F;, Py E€Py ()

frequency-selective Gaussian interference channel with ) ) o
frequencies, composed ¢f SISO links. © 2 {1,...,Q whereF, is the uncertainty set which is modelled under el-

is the set of the) players (i.e. SISO links). The quantity lipsoid approximation as shown in (1) ad is the set of
H,,(k) denotes the normalized frequency response of th@dmissible strategies of usgrwhich is defined as

k-th frequency bin of the channel between soure@éd desti- 1 X
nationq. The variance of the zero-mean circularly symmetric P, & {pq eRY :— E pq(k) =1,
. . L . N
complex Gaussian noise at receiyen the frequency birk k=1 (4)
. _ A —
is denoted byr? (k). LetoZ (k) £ 62 (k)/|Hyq(k)*> and the 0 < pg(k) <pr(k), k=1,.. .,N}.

total transmit power of user be N P,. Let the vectos, =

[54(1) 54(2) ... 5,(N)] be theN symbols transmitted by user The_ optimization problem in (3) using unc_ertainty sets is

g on the N frequency bins angb, (k) 2 E{|s,(k)[2}/P, equivalentto the form represented by protection functjghs

be the power allocated to thieth frequency bin by user Vqge,

qgandp, = [py(1) py(2)...py(N)] is the power alloca- N (k)

tion vector. The power allocation vector of each uger max min Zlog(l—l— Pq )
Ug(k)"'z(Frq(k)+AFrq,k)pr(k)

has two constraints: (a) Maximum total transmit power for ** Afrar = =
each userl{|[s,||3} < NP,; (b) Spectral mask constraints, s
pq(k) < py**® (k). The power allocation vectors are public s.t. Z |AF k" <G Pg € Py (®)
information, i.e. known to all users. r#4
Each receiver estimates the channel between itself and &rom the Cauchy-Schwarz inequality [10], we get
the transmitters, which is private information. This estte
is assumed to have a bounded uncertainty of unknown distri- Z AF (k) <eq /Zp%(k). (6)
bution. For simplicity and tractability, the uncertaintythe r#q r#q

channel state information in each frequency is deterntinist

cally modelled under an ellipsoid approximation [9] as Using (6), we get the robust garfigy as, ¥ g € ©,

N
pq(k)
max Y log(1+

e {Fw(’” T APk 2 ) |AFqf < } W B s im0 e )

r#4q r#q r#q
fork = 1,...,N, wheree, > 0V q € Q is the degree of St Pq € Py (7)

uncertainty and
) 4. ROBUST-OPTIMIZATION EQUILIBRIUM
Foo () & HraF ®)
" Hyqo (k)% We now present the robust waterfilling solution to the opti-

mization problem in (7) in the following theorem:
with F,., (k) being the nominal value. We can consider uncer-

tainty in F,., (k) instead off,. (k) because a bounded uncer- Theorem 1. The solution to the robust optimization problem
L2 "4 : L of userq in (7) for a given set of power allocations of other
tainty in £, (k) and H,,(k) are equivalent, but with different A o
bounds. usersp_q = {p1,...,Pg—1,Pq+1,---,PQ} IS given by
Py = RWFq(p—g);

3. ROBUST RATE-MAXIMIZATION GAME where the robust waterfilling operatdRWF (p_,)] , is de-

, fined as
According to the robust game model [8], each player formu-

lates a best response as the solution of a robust (wors}-cage Py (k)

optimization problem for the uncertainty in the payoff fanc |, — o7 (k) — Z Frq(k)pr(k) — €4 /Zp%(k) , (8)
r#q 0

tion (information rate), given the other players’ stragsmilf r#q



fork = 1,..., N, wherey, is chosen to satisfy the power We can easily see that this condition reduces to condition
constraint(1/N) Zszl pi(k) =1. (C1)in[5] as expected in the absence of uncertainty, i.e. when

. g = 0. Si > ili i
All the proofs of the results presented here are given ing 0. Sincep(E) > 0, the probability that a given system

- X ) ._converges to the RE decreases as the degree of uncertaint
[11]. The robust waterfilling operation for each user is a dis . 9 g y

. L2 increases.
tributed worst-case optimization under bounded channel un

_certainties. Compared Wit_h the original waterfilling opm’a_ Corollary 1. When the degrees of uncertainty of all tge
in [5] under perfect CSI (i.ee, = 0), we see that an addi- ysers are equal te, the sufficiency condition ifL2) for the

tional term has appeared in (8) fgf > 0. robust-optimization equilibrium of the garfi&,, can be writ-
Intuitively speaking, this term acts as a penalty for alteca tgn a5
ing power to frequencies having a large product of uncettain p(S™9) < 1— ¢(Q —1). (13)

bound and norm of the powers of the other players currently
transmitting in those frequencies. This is because thesuser This expression explicitly shows how the degree of uncer-
assume the worst-case interference from other users and asinty and the number of users in the system affect the con-
thus conservative about allocating power to such channels. vergence to the equilibrium using an iterative waterfilladg

The solution to the gam&,y, is the robust-optimization gorithm. For a fixed degree of uncertainty, as the number of
equilibrium (RE). At any RE of this game, the optimum actionusers in the system increases, there is a larger amount of un-
profile of the playerdp} } ,co must satisfy the following set certain information in the system. Hence, the probabitigtt
of simultaneous waterfilling equations:Vq € €2, a given system will converge to the RE will decrease as the

p: = RWF,(p*,). ) number of users in the system increases.

This equilibrium can be computed using a modified asyn-
chronous iterative waterfilling algorithm [5] which use®th
robust waterfilling operatdkW¥(-). It can easily be verified this section, we present some simulation results to study
that the RE reduces to the Nash equilibrium of the system [5 e impact of c,hannel uncertainty on the RE by comparing it
when there is no uncertainty in the system. In Section 5, Wikith the ideal scenario of NE under perfect CSI. The simu-
compare the global efficiency of the robust-optimizationieq lation parameters are presented in Figure 1 Wé study three
librium and Nash equilibrium through simulations and showimportant aspects, namely the percentage of.convergdrm:e i
that the RE has a higher efficiency due to a penalty for inte ' ;

I- . . . .
. e total information rate observed at the receivers and thé add
ference which encourages better partitioning of the fraque .. . . .
tional number of frequencies with zero power allocations at
space among the users.

The non-negative matricds andS™a* foQ are de- Lhnecgerltfaivr\:th)gn compared to the NE against the percentage of
fined as In Figure la, we observe that as the uncertainty-

[Ely & { ‘o r #_ ¢ (10)  creases, the fraction of trials that converge under the RE de
0, otherwise creases. This is as expected from Corollary 1, which defines
and the relation between the convergence conditions and uncer-
max  F(k), if £ q, tainty. As the uncertainty increases, the worst-casefarter
[gmae),, & § FEPNDr (11)  ence increases and thus convergence does not occur. In con-
0, otherwise trast, in Figure 1b we see that the total rate increases with
: min uncertainty.
whereD, is any SUbie;l 9{1’ L NV} such :nhl:tpj < In Figure 1b, we see that the total information rate at the
Dy € {L,...,N}. Dy is defined as [SPy™™ = {k € NE under perfect CSl is less than the rate at the RE under im-
{1,....,N}:3p4 €P4such that] RWFQ(p—_q)}k # 0} perfect CSI and that the gap in performance increases as the
The sufficient cond_|t|0n for existence ar_1d uniqueness of thﬁncertainty increases. This may seem surprising at fir$teas t
RE of the gam&/iop is given by the following theorem: NE has access to better information than the RE. However, in
Theorem 2. Game%, has at least one robust-optimization & game-theoretic situation, better information does noése
equilibrium for any set of channel matrices and transmit pow sarily mean better performance. Furthermore, the NE is-well
ers of the users. Furthermore, the robust-optimizationiequ known to be inefficient in a global sense of total rate [12].
librium is unique and the asynchronous iterative waterfili Under imperfect CSI, the power allocation using the' RE
algorithm based on the robust waterfilling operal®WF,,(-) (8) and (9) has higher total information rate as uncertamty
used to reach the robust-optimization equilibrium will eon creases. This is because the users are more cautious about
verge if using frequencies with significant interference, thus oauy

p(smam) <1- p(E)a (12) 1 . . . . .
) ] ) (8) and (9) are in terms of absolute uncertaiatyhile the simulations
whereE andS are defined if10)and (11) respectively. use relative uncertainty. They are equivalent to one another.

5. NUMERICAL RESULTS
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Fig. 1: Simulation results for a system with = 0.1, Q = 5 users andV = 16 frequencies over 10000 runs. Channel gdihs (k) ~
CN(0,1) for r # q, Hqq(k) ~ CN(0,2.25). Channel uncertainty model: nominal valig, (k) = F.\5°(k)(1 + erq(k)) With erq(k) ~
u(—g, %), 0 < 1. Figs (b) and (c) are averaged over trials where the RE cgaserln Fig (b), both rates are observed through the true
channel value$’,;*(k). The NE scheme allocates power usifi§f“(k), while the RE scheme usé$, (k).
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