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Abstract—The problem of distributed load balancing among
m agents operating in ann-server slotted system is considered.
A randomized local search mechanism, FCD (fast, concurrent
and distributed) algorithm, is implemented concurrently by
each agent associated with a user. It involves switching to a
different server with a certain exploration probability an d then
backtracking with a probability proportional to the ratio o f
the measured loads in the two servers (in consecutive time
slots). The exploration and backtracking operations are executed
concurrently by users in local alternating time slots. To ensure
that users do not switch to other servers asymptotically, each user
chooses the exploration probability to be decaying polynomially
with time for decaying rate β ∈ [0.5, 1]. The backtracking
decision is then based on an estimate of the server load whichis
computed based on local information. Thus, FCD algorithm does
not require synchronization or coordination with other users.
The main contribution of this work, besides the FCD algorithm,
is the analysis of the convergence time for the system to be
approximately balanced, i.e. to reach anε-Nash equilibrium. We
show that the system reaches anε-Nash equilibrium in expected

time O

(
max

{
n log n

ε
+ n

1

β ,

(
n3

m3 log n2

ε

) 1

β

})
whenm > n2.

This implies that the convergence rate is robust with large scale
system(large user population), and is not affected by imperfect
measurements of the server load. We also extend our analysisto
open systems where users arrive and depart from a system with
an initial load of m users. We allow for general time-dependent
arrival processes (including heavy-tailed processes) andconsider
a uniform and a load-oblivious routing of the arrivals to the
servers. A wide class of departure processes including load-
dependent departures from the servers is also allowed. Our
analysis demonstrates that it is possible to design fast, concurrent
and distributed load balancing mechanisms in large multi-agent
systems via randomized local search.

I. I NTRODUCTION

The recent years have witnessed an explosive growth in the
demand for computational and storage services. The paradigm
of cloud computing holds the promise to meet these demands
in an efficient and a timely manner. Increasingly, more and
more web services are deployed on large-scale distributed
cloud systems. However, such systems present huge challenges
involving resource allocation, scalability and dynamics.One
direction of work has focused on the design and analysis of
scalable resource allocation mechanisms, popularly termed as
load-balancing mechanisms.

Traditionally, load-balancing mechanisms have relied on the
presence of a centralized controller (also known as the dis-

patcher) with a global view of the operations, which efficiently
allocates users to lightly loaded servers upon arrival (e.g.,
Join-the-Shortest-Queue policy, and the more recent Join-the
Idle-Queue policy [14]). However, such dispatchers may not
always be present and in many systems, the users may be
autonomous agents making decisions. Recent focus has been
on the development of distributed load balancing mechanisms,
implemented locally and myopically by autonomous agents
without a centralized controller, popularly termed asrandom-
ized local search. Such mechanisms can also effectively model
agent behaviors in large distributed systems such as cable or
electricity supply market.

Randomized local search can be thought of as a randomized
algorithm for in-network computation based on local infor-
mation at the users with a goal to achieve load balancing
among the servers. Under randomized local search, each user
randomly selects another server and measures its load. If the
alternative load is lower then with some probability, the user
switches to the new server. Intuitively, the probability that she
switches is higher if the ratio of the current load to the new
load is larger. However, the load is sensitive to the number
of users and increases under the influx of new users to the
server. Thus, it is not always optimal for the users to switch
to a server with a lower load and randomization is therefore
necessary for efficient load balancing.

We consider randomized local search mechanisms for dis-
tributed load balancing, but with additional challenges. First,
we consider concurrent load balancing which makes it harder
for the users to measure the true load at the server. This means
that the users have access to only indirect observations of the
server loads since they are simultaneously exploring different
servers. This entails the use of imprecise information about the
server loads in randomized local search mechanisms. Second,
we impose a penalty on switching to new servers and require
that users settle down to a load balanced state asymptotically.
This entails a careful design of exploration probabilitieswhich
decay over time and yet ensure convergence to an (approxi-
mate) load balanced state. Third, we extend our convergence
time analysis to open systems and demonstrate that conver-
gence time is largely unaffected by user dynamics for a wide
class of arrival and departure processes. Our analysis in this
paper demonstrates that it is possible to design fast, concurrent
and distributed load balancing solutions in large multi-agent
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systems through randomized local search without the need for
coordination or synchronization among the users.

A. Related Work

The load-balancing game under consideration is a well
studied notion in game theory and is popularly known as
the congestion game. Rosenthal [16] proved that pure Nash
equilibria (NE) always exists for congestion games since they
are potential games. In our paper, we consider one of the
potential functions by [16], modulo a linear rescaling and
analyze convergence to (approximate) Nash equilibrium via
the decay in the potential function.

The presence of a potential function also establishes that
pure NE can be found via a sequence of better-response
moves, in which agents repeatedly switch to lower-cost strate-
gies. However, such strategies require global informationof
all server loads while the randomized local search is only
based on the loads in the current and the previous servers
used by the agent. Moreover, under the strongly distributed
setting considered here, such moves may occur simultaneously
leading to stale information and suboptimal responses. These
shortcomings are also faced by logit response strategies con-
sidered in [17], where convergence time analysis is carried
out via elegant Markov chain mixing time analysis. Moreover,
the convergence time to approximate Nash equilibrium under
logit response is shown to be linear in the number of users
while our schemes have logarithmic guarantees. See Table I.
Another class of popular mechanisms are based on the so-
called replication policies (e.g. [9]), where the agents imitate
the actions of other agents. However, such mechanisms require
that users be able to observe the actions of other users, while
under our setting, the users only need to measure the loads of
their servers.

Convergence time for load balancing has also been analyzed
through the notion of regret inmulti-armed banditsystems
in [3,13]. However, again, these schemes require the users
to keep track of the quality of service at all the servers
(assumed to be stochastic) while the schemes considered here
only require the current load and the load experienced by the
user in the previous time step. Moreover, the regret under the
schemes in [3,4,13] scale poorly when the number of users
is large, while efficient scaling in large-scale systems forms a
core contribution of our work here. Similarly, the work in [12]
analyzes the popular multiplicative update algorithm, proposed
earlier for non-stochastic bandits, and prove convergenceto the
Nash equilibrium for congestion games. However, they do not
provide convergence rate guarantees.

Randomized local search mechanisms are a popular class of
distributed load balancing strategies. Goldberg [10] proposed
a variant of this strategy, where users select alternative servers
at random and migrate if the alternative load is lower. How-
ever, this protocol requires that migration events take place
one at a time, and that the loads be updated immediately.
Even-Dar and Mansour [8] improved the convergence rate to
O(log log m + log n) for m users andn servers and allowed
for concurrent, independent rerouting decisions. However, they

require the users to have a global knowledge on whether they
are currently in underloaded or overloaded servers. The work
of P. Berenbrink [6] considered a strongly distributed version
of randomized local search, where agents migrate selfishly
without any centralized control. In each time slot, users select
a different server uniformly at random and test its load. If
the load is lower than the current server, then users migrate
with a certain probability. Guarantees on convergence time
are provided in [6]. The work in [18] extends the analysis of
randomized local search to asynchronous exploration based
on Poisson clock ticks. This assumption leads to a better
convergence rate guarantee but requires asynchrony of actions
among the agents.

Distributed load balancing mechanisms have also been stud-
ied for open systems, where users arrive and depart, typically
according to a queueing model. The popular mechanism,
known as power ofd choices [15], was studied for queueing
systems where incoming users randomly choosed out of
n servers and waits for service at the servers. Similarly,
other works [11,14,18,19] have studied load balancing under
queueing processes. For instance, the work in [18] analyzes
the stability region under randomized local search and random
load oblivious mechanisms but do not consider transient (i.e.
convergence rate) analysis.

Our work differs from the analysis in [6,18] in a few
key aspects: the works in [6,18] assume that it is feasible
to measure the true load of another server before migrating
under concurrent moves by different users. However, under
our setting, the users can only measure the loads of different
servers by committing to spend at least one time slot in those
servers. This implies that such load measurements do not
include users who are currently exploring other servers and
may decide to backtrack. We undertake a careful analysis of
the effect of incorrect load information on the convergencerate
to an approximately balanced state. We also consider decaying
exploration probabilities which discourages switching among
the users, while the previous works do not limit exploration
even after a load balanced state is reached. Moreover, we
extend our analysis to open systems where users arrive and
depart from the system. We take a different approach to user
dynamics compared to [18]. We assume an initial set ofm

users in the system and a continuous stream of arrivals and
departures, as the users proceed to balance the loads. We
provide guarantees on the convergence time to reach and
maintain anε-neighborhood of the Nash equilibrium.

We note that load balancing mechanisms have been consid-
ered under alternative scenarios which are not directly related
to this work. For instance, the work in [14] considers efficient
load balancing based on the design of a dispatcher which
implements Join-Idle-Queue policy for incoming users. The
work in [20] considers green load balancing where energy and
geographical constraints are involved. It is envisioned that our
proposed distributed load balancing mechanisms achieve better
gains when operated in conjunction with these policies.
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B. Summary of Contributions

We now summarize the main contributions of this work.
Convergence time guarantees for the users to settle down to an
ε-Nash equilibrium under concurrent play of randomized local
search mechanisms are provided. We consider increasingly
closed and open systems for analysis. In a closed system, the
number of usersm is fixed, while in open systems, users arrive
and depart from the system in each time slot. The key results
on convergence rates are summarized in Table I.

Each user implements the FCD algorithm with a certain
exploration probability which decays over time, enabling the
users to settle down eventually. A careful choice of the
exploration probability is required: if it decays too fast,then
we may not be able to achieve convergence to an approximate
load balanced state; on the other hand, if it decays slowly,
then it encourages more switching among the users. We
consider the scenario, where the exploration probability decays
polynomially with time ast−β for β ∈ [0.5, 1]. Our results
establish that the convergence rate to an approximately load
balanced state has an inverse relationship withβ as expected.
Moreover, no system synchronization is needed, i.e., different
users can explore and backtrack in local alternating time slots
without the need for coordination1. Since the users are unable
to measure the true loads at the servers during the exploration
phase, it entails the use of incorrect load information under the
randomized local search mechanism. Our convergence time
analysis involves a careful manipulation of the concentration
bounds on the load estimates, in conjunction with the analysis
of the potential function forε-Nash convergence. Conceivably,
our work can pave way for more sophisticated estimation
algorithms under other noisy load measurement models.

We extend our convergence time analysis to open systems
with an initial set ofm users, and an arrival and a departure
process of users as the load-balancing mechanism proceeds.
The results in Table I demonstrate that the convergence rate
is hardly affected by the user dynamics, as long as the initial
set of usersm is large enough and the arrival and departure
processes satisfy a general set of conditions. See Theorem 2
for details. This encompasses a large family of arrival and
departure processes, including heavy tailed arrivals and load
dependent departures. Moreover, our bounds on the conver-
gence rate to an approximately load balanced state are nearly
independent of the number of usersm whenm� n, wheren

is the number of servers. Thus, our results demonstrate thatit
is possible for a large number of autonomous agents to rapidly
settle down to an approximately load balanced state through
fully distributed, concurrent and myopic mechanisms among
the users.

1Our setting of a slotted system here is more challenging thana completely
asynchronous system considered in [18] since concurrent movement of users
results in incorrect load measurements under our setting.

TABLE I: Guarantees on expected convergence time toε-
Nash equilibrium withm users,n servers and exploration
probability t−β , whereβ ∈ [0.5, 1] andm > n2. For details,
refer to Theorems 1 and 2.

Settings Convergence time toε-Nash
Setting in [17]1 O(m log log m)

Setting in [6]2 log log m2 − log log ε2m2

n3

Setting in [2]2 log(n)/ε

Closed System3 max

{
n log 4n2

ε2
+
(

n
2

) 1

β ,

(
n3

m3
log 4n4

ε2

) 1

β

}

Open System3 max

{
n log 4n2

ε2
+
(

n
2

) 1

β ,

(
n4

εm3
log 4n4

ε2

) 1

β

,

(
n3

m3
log 4n4

ε2

) 1

β

}

1: Under logit response strategies.
2: The setting in [6] assumes parallel movements of users. The works
in [6] and [2] assume a closed system where users have access to
the true load of the servers and impose no switching costs forusers
to measure loads in other servers.
3: Proposed algorithm in this paper.

II. SYSTEM MODEL

A. Notion of Nash Equilibrium for Load Balanced State

There arem users andn servers. Assume that users require
identical service rates. An assignment of users to servers at
time t is represented as a vectorX(t) = (X1(t), X2(t),
. . . , Xn(t)) in which Xi(t) denotes the number of users who
are assigned to serveri, i.e. the load at serveri. Let Ya(t) be
the load experienced (measured) by usera. Thus, if usera is
served byi at time t, Xi(t) = Ya(t). Moreover, we assume
that each user has one unit of memory. In other words, usera

has knowledge ofYa(t− 1) andYa(t) at time t. In addition,
we assume that all users are active as they are in the closed
system.

The popular notion of Nash-equilibrium of a game denotes
a state where no player has the incentive to change her current
decision. The setting under consideration belongs to a class of
games termed ascongestion gamesor balls and bins. In the
setting where the users have uniform loads, there is a unique
Nash equilibrium corresponding to the perfectly load balanced
state [6]. Recall that the Nash equilibrium is reach at time slot
t if max

ij
|Xi(t)−Xj(t)| ≤ 1, we now define the notion of

convergence to theε-Nash equilibrium.
Definition 1: An ε-Nash equilibrium is reached at time slot

t, if

max
ij
|Xi(t)−Xj(t)| ≤ ε

m

n
.

The system stateX(t) is called approximately load balanced2.
T := min t is defined as the convergence time.

Thus, the notion of anε-Nash equilibrium relaxes the notion
of the Nash equilibrium. In anε-Nash equilibrium, no user can
unilaterally change the experienced load by a multiplicative
factor of less than1− ε [6].

2The term “approximately load balanced state” is replaced by“load
balanced state” in the sequel.
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Algorithm 1 FCD algorithm with static number of users.
Note that no system synchronization is needed, i.e., different
users explore and backtrack in local alternating times in slotted
distributed system.

Exploration probabilitiesγt(a) ∝ t−β(a) at time t.
if γt(a) > 0 then

System state is exploring;
else

System state is inactive;
end if
for k = 0 : T do

if t = 2k then
i ← the servera resides in;
if exploring then

Explore to another server uniformly with probability
γ2k(a);
I[Explore] = 1;

end if
else

j ← the servera resides in;
if I[Explore] = 1 then

Switch back with probabilityfji(Ya(2k), Ya(2k +
1), γ2k(a));

end if
I[Explore] = 0;

end if
end for

Server i Server j

t=2k

Explore

t=2k+1

Backtrack

t=2k+2

Balanced

Fig. 1: A single round
of the iterative algorithm.
The red users in server
i and the blue users
in server j decide to
explore, while the grey
users in both the servers
stay. In the backtracking
slot, each user decides
whether to backtrack to
the original server. This
completes one round of
the algorithm.

B. Randomized Local Search Mechanism

The randomized local search algorithm, FCD, for load
balancing in slotted systems and is given in Algorithm 1. FCD
algorithm proceeds as follows: a usera explores to another
server randomly in even time slots2k with probability γ2k.
In odd time slots, the user decides whether to stay in the new
server or switch back to the previous server with a certain
backtracking probability fji(2k) (Ya(2k), Ya(2k + 1), γ2k).
We term a cycle of exploration and backtracking as one
round(one super time slot) of the algorithm. By carefully
selecting the backtracking probability, we can expect a rapid
load-balancing of the system.

FCD algorithm is simple, completely local, myopic, and
only depends on the current load experienced by each user.
An example of the randomized local search mechanism is
provided in figure 1. A key design parameter in the algorithm
is the exploration probabilityγ2k. Faster exploration may help
the system converge fast but result in system instability with
frequent switching (for instance, whenγ2k ≡ 1, the users
are constantly switching). Thus, there is a tradeoff between
convergence rate and stability. We requireγ2k = 2k−β and
β ∈ [0.5, 1]. Proofs refer to Lemma 1 and Remark 5. Besides
exploration probability, backtracking probability also needs to
be carefully selected. We derive the backtracking probability
in proposition 1. Notations are explained in Table II.

TABLE II: Frequently Used Notation table 1
Notation Explanation
Hj

i (t)
1 {Xj(t) ≥ Xi(t)}

Mj
i (t)

{
Xi(t)

(
1 − nγt

n−1

)
< Xj(t) < Xi(t)

}

Lj
i
(t)

{
Xj(t) ≤ Xi(t)

(
1 − nγt

n−1

)}

1: Ĥj
i
(t) denotes

{
X̂j(t) ≥ Xi(t)

}
and so forth.

Proposition 1: At backtracking time slotst = 2k + 1, the
backtracking probability that usera switches back from server
j to serveri, fji (Xi(2k), Xj(2k)), is

fji =






1, Hj
i (2k)

1− n− 1

nγ2k

(
1− Xj (2k)

Xi (2k)

)
, Mj

i (2k)

0, Lj
i (2k)

(1)

for 0 ≤ γ2k ≤ n−1
n

.
Proof Ideas: Given that user explores with probabilityγ2k at
t = 2k, expected load of each server att = 2k + 1 can be
calculated. Users choose to backtrack with probabilityfji so
thatE[Xi(2k+2)] = E[Xj(2k+2)] for any i, j ∈ 1, 2, . . . , n.
Note that upon finding a worse load, it is always efficient to
switch back. Refer to Appendix I [1] for detailed proof.

Estimation of Xj(2k) : The backtracking probabilityfji

derived in Eqn. (1) is a function of{Xi(2k), Xj(2k), γ2k} but
the real observation is{Xi(2k), Xj(2k + 1), γ2k}. Estimating
load Xj(2k) and plugging inX̂j(2k) are needed to get the
real backtracking probabilities.

Noting that in large server loads regime, i.e.,
Xi(2k), Xj(2k) → ∞, we can accurately estimate the
loads (in the sense of MMSE). Estimator

X̂j(2k) = Xj(2k + 1) (2)

is used. Details refer to Appendix II [1]. As a result, the real
backtracking probabilityfji(Xi(2k), Xj(2k+1)) is obtained:

fji =






1, Ĥj
i (2k)

1− n− 1

nγ2k

(
1− Xj (2k + 1)

Xi (2k)

)
, M̂j

i (2k)

0, L̂j
i (2k)

(3)
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for 0 ≤ γ2k ≤ n−1
n

. Notations are explained in Table II.
We make this approximation precise in following analysis

by alluding to concentration bounds for the estimates. Recall
that the notion ofε-Nash equilibrium is described in Defini-
tion 1. We use the standard potential function from the load
balancing game [6], given by

Φ(X(t)) :=

n∑

i=1

(Xi(t)− X̄)2, (4)

to assess the state of the system, whereX̄ is the average load

of the serversX̄ := 1
n

n∑
i=1

Xi(t).

III. C ONVERGENCETIME RESULTS FORCLOSED SYSTEMS

We now state some of the main results of the paper. We
provide bounds of the convergence time to reachε-Nash
equilibrium under FCD algorithm.

Theorem 1 (Closed System Convergence Time): Let T

be the number of rounds needed to reach anε-Nash
equilibrium for the first time, the upper bound of E[T ] is

E[T ] ≤ max

{
n log

4n2

ε2
+
(n

2

) 1

β

,

(
n3

m3
log

4n4

ε2

) 1

β

}

when β ∈ [12 , 1] and m > n2. We also have the following
concentration bound for the potential function

Pr

{∣∣∣∣
Φ (X(T ))

m2
− ε2

4n2

∣∣∣∣ ≥ θ

}
≤ e−2θ2

.

Proofs are provided in Section VI.
Remark 1:
1) We derive a non-asymptotic upper bound on the ex-

pected convergence time toε-Nash equilibrium (in con-
trast to asymptotic bounds derived in [6]). The ac-
tual convergence time concentrates around the expected
value, and the probability that the deviation is at most
d decays exponentially withd. Approximate load bal-
ancing can be achieved when each user employs an
unbiased estimator of the explored server load. To obtain
accurate estimates, we require concentration bounds to
hold, as analyzed below. This leads to an additional term

in the convergence time, given by
(

n3

m3 log 4n4

ε2

) 1

β

. In

the regime with large number of users(m � n), this
term is negligible and the convergence rate coincides
with the scenario where perfect information about the
system load are available to the users.

2) The use of estimated server loads in place of the true
server loads leads to small perturbations in the transition
probabilities of the Markov chain. We can limit its effect
on the convergence time using concentration bounds in
the large-m regime.

3) If we set ε = n
m

, potential function scales as
E[Φ(X(T ))] = O(n),

E[T ] ≤ max

{
n log 4m2 +

(
n
2

) 1

β ,
(

n3

m3 log 4n2m2
) 1

β

}
.

IV. CONVERGENCETIME RESULTS IN OPEN SYSTEMS

We now extend our analysis to open systems where users
can arrive and depart from the system. We first describe the
system model and then undertake analysis of the convergence
time to ε-Nash equilibrium. We establish that our mechanism
is fairly robust to user dynamics.

A. System Model

a) Arrival Process:The basic model consists of parallel
servers and a single stream of arrivals. We consider a simple
load-oblivious routing scheme where arriving users choose
servers uniformly at random. Our convergence time guarantees
in the next section demonstrates that the design of routing
schemes is not crucial for achieving rapid convergence to an
approximately load balanced state.

A slotted system with an initial load ofm users is con-
sidered. LetA(t) denote the number of arrival users in time
slot t and letBi(t) denote the number of arrival users routed
to server i. Due to uniform random access, it’s obvious
that E[Bi(t)] = A(t)

n
. Denote the load at serveri at slot t

as X+
i (t) = Xi(t) + Bi(t). The arrival processA(t) can

be arbitrary and only needs to satisfy some condition (as
a function of t) in order to have rapid convergence to an
approximately load balanced state. It is reasonable to assume
that new comers mimic the behaviors of existing users and
switch at similar rates with existing ones.

b) Departure Process:In real systems, users frequently
depart the servers after their tasks are completed. We consider
a load-dependent departure process, where the departure rate
increases as the server load becomes heavier. This model is
consistent with many systems with autonomous agents who
are discouraged to stay in servers with heavy loads. Let
Ci (t) denote the number of departure users at serveri. Three
constraints are imposed onCi (t):

• Constraint 1: Ci (t) ≤ X+
i (t).

• Constraint 2: If X+
i (t) ≤ X+

j (t),

thenCi (t) ≤ Cj (t) .

• Constraint 3: If X+
i (t) ≤ X+

j (t),

then

Cij

(
λX+

i (t) + (1− λ)X+
j (t)

)
≤ λCi (t)+(1−λ)Cj (t),

for 0 < λ < 1.

As a result, the new load in a serveri can be achieved
and is denoted asXF

i (t). Note that for simplicity, arrival
and departure processes are in the beginning of the super
time slot without loss of generality. NotationZi(2k) =
k∑

l=0

(Bi(2l)− Ci(2l)) is used.

An open system with dynamic users is thus considered. We
assume that all users implement the randomized local search
mechanism in Algorithm 1. LetM(t) denote the number of
users in the system at timet. We have

E [M(t)] = [M(t− 1) + A(t− 1)]−
n∑

i=1

Ci

(
X+

i (t)
)
.
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We analyze the load information of each server. For server
i andj, it can be seen that

E[XF
j (2k + 1)]

XF
i (2k)

∣∣∣∣∣ {Xi(2k), Xj(2k + 1), Zi(2k)} =

Xi(2k + 1) + Zi(2k) (1− γ2k) + (M(t)− Zi(2k)) γ2k

n−1

Xi(2k) + Zi(2k)
.

(5)
c) Notion of ε-Nash equilibrium : We use a similar

notion ofε-Nash equilibrium for open systems,m is the initial
number of users in the system.

Definition 2: An ε-Nash equilibrium of the network is
reached at time slott, if

max
ij

∣∣XF
i (t)−XF

j (t)
∣∣ < max

{
ε
m

n
, ε

M(t)

n

}
.

Hence, under anε-Nash equilibrium, the potential function
satisfies

Φ
(
XF (t)

)
≤ max

{( εm

2n

)2

,

(
εM(t)

2n

)2
}

.

B. Convergence Time Results

Theorem 2 (Open System Convergence Time): In open
system with initial load m and real time load M(t), if

Pr

{∣∣∣∣M(t)−
(

1− γt

n− 1

)
m

∣∣∣∣ > n− 1

2 m2√γt

}
≤ ε2

4n2
(6)

the upper bound of expected convergence timeE[T ] is

E[T ] ≤ max

{
n log

4n2

ε2
+
(n

2

) 1

β

,

(
n3

m3
log

4n4

ε2

) 1

β

,

(
n4

εm3
log

4n4

ε2

) 1

β

}
(7)

when β ∈ [12 , 1] and m > n2.
Remark 2:

1) We demonstrate that rapid approximate load balancing
is feasible in open systems under suitable conditions
on the arrival and departure process and with a large
number of initial users in the system (i.e.m > n2) even
under a load-oblivious allocation of the arriving users
to the servers. We allow for time-dependent arrivals and
departures as long as no tremendous gap exists between
M(t) andm.

2) The constraint in (6) on the arrival process implies
that the numbers of arrivals and departures are more
stringently constrained as time proceeds.

Corollary 1:

• For uniform and independent arrivals with fixed sup-
port [0, . . . , K] and uniform independent departures at
a uniform rate ofν at all the servers in each time slot,
we can have rapid convergence ifK ≤ m2√γtn and
ν ≤ 1− 1

1+
√

γtn m
2

.

• When the arrival processA(t) is discrete Weibull dis-
tribution [7], the reliability function is given byA(t) =

Pr{A(t) > a} = qak

, whereq ∈ [0, 1] andk is the shape
parameter. We observe that we can allow for heavy-tailed
processes(k < 1) and yet achieve rapid convergence to
approximate Nash equilibrium as long as the departure
process is also heavy tailed3.

An overview of the proof techniques follow in section VII.
In a nutshell, we demonstrate that the arrival and departure
processes lead to perturbations in the transition probabilities
between the closed and the open system. We prove that the
perturbations are small under the above conditions, so the
dominant term of the potential function is the same as it is
in the closed system with an initial number ofm users. In
other words, the convergence time is not tremendously affected
by the presence of arrival and departure processes. Rapid
convergence is feasible through distributed load balancing.

V. EXPERIMENTS

A. Setup

Our objective is to simulate and analyze the excepted
convergence timeE[T ] under differentn, m, β settings. So
the FCD algorithm is executed120 times for each setting
and averaged. For each execution, initial system loads are
generated randomly. The potential function is monitored to
identify system convergence: If the potential function is under
the thresholdn (ε = n

m
), the system is known as load balanced.

As describe above,m and n are large enough andm > n2.
The exploration probability is set to decay polynomial with
time, i.e.γt = t−β . For the open system, we assume a uniform
arrival process whose support is[0, K] and a departure rate of
ν ≤ 1 − 1

1+
√

γtn m
2

. Thus,K ≤ m2√γtn. In this section, we
assess the average performance of our distributed algorithm
via computer simulation in MATLAB.

B. Results

First, how the expected convergence timeE[T ] of FCD
algorithm varies with different server numbersn is evaluated
in Fig 2a. We observe that the expected convergence timeE[T ]
grows linearly with the number of serversn. In other words,
convergence time can be limited to an acceptable quantity as
long asn being small, which is promising in real systems.

The relationship between decaying rate of exploration prob-
ability β and expected convergence timeE[T ] is estimated
in Fig 2b. One can conclude that the slower the exploration
probability decays, the slower the system converges. This
means that the switching cost is rather high since users have
to switch over to observe and predict the load ratio. Rapid and
frequent exploration would make the prediction̂Xj(2k) more
involved.

Robustness of the algorithm is observed in Fig 2c. Obvi-
ously, the expected convergence timeE[T ] is not sensitive to
user populationm, which is good news to large scale user

3Probability density function for Weibull distribution could be accessed
from Wikipedia http://en.wikipedia.org/wiki/Weibulldistribution
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Fig. 2: Expected convergence time evaluation under different settings.

systems. However, since the expected convergence timeE[T ]
is bounded by Eqn. (7), the convergence progress would be
slow when user populationm becomes extremely large.

VI. PERFORMANCEANALYSIS FOR CLOSED SYSTEMS

A. Transition Probability

TABLE III: Frequently Used Notation table 2
Notation Explanation
j ∈ Ai(t)

1
{

j : Xj(t) ≤ Xi(t)
(
1 − nγt

n−1

)}

j ∈ Bi(t)
{

j : Xi(t)
(
1 − nγt

n−1

)
< Xj(t) < Xi(t)

}

j ∈ Ci(t)

{
j : Xi(t) ≤ Xj(t) <

Xi(t)

1−
nγt
n−1

}

j ∈ Di(t)

{
j : Xj(t) ≥

Xi(t)

1−
nγt
n−1

}

1: For any serversi, j.

Proposition 2: In the super time slot{2k → 2k + 1}, the
transition probabilitypij (Xi(2k), Xj(2k + 1)) is given by

pij =






0, Ĥj
i (2k), j 6= i

1
n

(
1− Xj(2k+1)

Xi(2k)

)
, M̂j

i (2k), j 6= i

γ2k

n−1 , L̂j
i (2k), j 6= i

1− ∑

j∈B̂i(2k)

1
n

(
1− Xj(2k+1)

Xi(2k)

)

− ∑

j∈Âi(2k),j 6=i

γ2k

n−1 , j = i.

(8)
whereĤj

i (2k), M̂j
i (2k), L̂j

i (2k), Âi(2k), B̂i(2k) mean that
these terms are based on the estimation,X̂j(2k) = Xj(2k+1),
instead of the true value,Xj(2k).
Proof: The transition probability that usera switches from
serveri to serverj in a super time slot is nothing but

pij =

{
γ2k

n−1 (1− fji) , i 6= j

(1− γ2k) + γ2kfji, i = j
.

So equation (8) is obtained by plugging in backtracking
probability in Equation (3).

pij (Xi(2k), Xj(2k + 1)) is the probability that usera
who resides in serveri switches to serverj during 2k →
2k + 1 slots. For users in serveri, there are users
whose local exploration and backtracking time slots are

not synchronized. However,pij (Xi(2k), Xj(2k + 1)) is user-
oriented probability based on the observations of usera.
More precisely, pij (Xi(2k), Xj(2k + 1)) is equivalent to
pij (Ya(2k), Ya(2k + 1)). Obviously, synchronization is not
necessary in this distributed system. 2

Remark 3:No global clock is needed to synchronize the
system. Users need no global knowledge of user number in
the system as well.

B. Potential Function Threshold

The potential functionΦ(X(t)) is nothing but un-normalized
variance att, however transition probability is selected by
comparingXi(t − 1) (= Xi(2k)) andXj(t)(= Xj(2k + 1)).
To manipulate this contradiction, we first estimate algorithm
performance assuming knowledge ofXj(t − 1)(= Xj(2k)),
and then derive the perturbation in convergence timeT with
knowledge of Xj(t)(= Xj(2k + 1)) only. Notations are
explained in Table III.

Observation 1:Expected load on serveri under the condi-
tion that the last state of the network isx is

E[Xi(2k + 2)|X (2k) = x] ≤
n∑

l=1
l 6=i

γ2k

n− 1
xl −

∑

l∈Ai(2k)

2γ2k

n− 1
xl + xi.

Proof Ideas: It is known thatE[Xi(2k + 2)|X (2k) = x] =
n∑

l=1

xlpl,i (x). So by simply substitutingpli, l ∈ 1, 2, . . . , n, the

observation is proved. For detailed proof, refer to Appendix
III [1].

Observation 2:Variance of load on serveri under the
condition that the last state of the network isx is

Var [Xi(2k + 2)|X (2k) = x] ≤
∑

l∈Bi(t)
⋃

Ci(t)

γ2k

n−1xl +
∑

l∈Di(t)

γ2k

n−1xl −
∑

l∈Ai(t)

γ2k

n−1xl + xi

Proof Ideas: It is known thatVar [Xi(2k + 2)|X (2k) = x]

=
n∑

l=1

xlpli (x) (1− pli (x)). Utilizing the facts thatpli ≤ 1

and1 − pli ≤ 1, we get the upper bound. For detailed proof,
refer to Appendix III [1].
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According to the observations, a recursive relationship
between the potential functions at consecutive time slots is
achieved in Proposition 3.

Proposition 3: Given γ2k = 1
m

m∑
a=1

γ2k(a), potential func-

tion satisfies

E[Φ(X(2k + 2))] ≤
(

γ2k

n−1

)2
[(

n−1
γ2k
− 1
)2

+
(
1− nγ2k

n−1

)2

n2

−4
(

n−1
γ2k
− 1
)(

1− nγ2k

n−1

)]
Φ(X(2k)),

if perturbation betweenmin
a

γ2k(a) andmax
a

γ2k(a) is small.

Proof Ideas: It is known that

E[Φ(X(2k + 2))|X(2k)] + nX
2 ≤

n∑
i=1

(E[Xi(2k + 2)|X(2k)])2 +
n∑

i=1

Var[Xi(2k + 2)|X(2k)],

so E[Φ(X(2k + 2))|X(2k) = x] can be obtained by plugging
in above observations. Knowing thatΦ(X(2k) = x) =
n∑

i=1

(xi − x̄)2, the relation betweenE[Φ(X(2k + 2))] and

Φ(X(2k)) is achieved. Note that even whenγ2k(a) are
different for different usersa ∈ 1, 2, . . . , m, the proposition

still holds if γ2k = 1
m

m∑
a=1

γ2k(a) and perturbation between

min
a

γ2k(a) and max
a

γ2k(a) is small. Detailed proof can be
found in Appendix IV [1].

We now apply the inductive hypothesis to get an upper
bound of convergence time for our algorithm.

Lemma 1:A sufficient condition on the parameterβ for
system convergence isβ ∈ [12 , 1]. In this region, for allt′ < t,

E[Φ(X(2t))] ≤ (1− 1
n
)t

E[Φ(X(0))] wheret >
(

n
2

) 1

β .
Proof: Refer to appendix V [1]. 2

Remark 4:Lemma 1 explains why we need polynomial
decaying exploration rate. For instance, the potential function
will not be shrinking with time if we set the exploration
probability aset.
We can now provide an upper bound on convergence time.

Lemma 2:There is aτ ≤
{

n log 4n2

ε2
+
(

n
2

) 1

β

}
such that

E [Φ (X (2τ))] ≤ ε2m2

4n2 in the sufficient feasible regionβ ∈
[12 , 1].
Proof: It is important to see that the system is inε-Nash
equilibrium if potential function is smaller than or equal to
ε2m2

4n2 . This results from the definition ofε-Nash equilibrium.

Obviously, forτ ≤ max
{
n log 4n2

ε2
+
(

n
2

) 1

β

}
, either there

is aE[Φ(X(2τ))] ≤ ε2m2

4n2 or there is aE [Φ (X (2τ))] > ε2m2

4n2 .
In the case of the potential function being smaller than

ε2m2

4n2 , we already reached anε-Nash equilibrium based on
Definition 1.

In the other case, we taket = τ , then

E[Φ(X(2t))] ≤
(
1− 1

n

)t
Φ(X(0)) .

Even in the worst case thatΦ(X(0)) = m2, i.e.
E[Φ(X(2t))] =

(
1− 1

n

)t
m2,

t =
(n

2

) 1

β

+
log 4n2

ε2

log n
n−1

can guaranteeE [Φ (X (2t))] ≤ ε2m2

4n2 .
So there must be a τ satisfying τ ≤

max
{(

n
2

) 1

β + n log 4n2

ε2

}
such that E [Φ (X (2τ + 1))] ≤

ε2m2

4n2 .
The lemma is proved. 2
Remark 5:As long as usera’s exploration decaying rateβ

is in the feasible region, lemma 2 holds. We allow for different
β’s for different users.

Overall, we have proved that, according to our proposed
algorithm anε-Nash equilibrium is reached within an expected

convergence time
{

n log 4n2

ε2
+
(

n
2

) 1

β

}
. We can see that asε

decreases, i.e., a more stringent load balancing criterionis
imposed, the convergence is slower.

C. Perturbation Guarantees

Analysis in Section VI-B are based onpij(Xi(2k), Xj(2k)),
but we only have access toXi(2k) and Xj(2k + 1).
We now provide guarantees on the perturbation between
pij(Xi(2k), Xj(2k + 1)) andpij(Xi(2k), Xj(2k)).

Proposition 4: Perturbations in transition probability de-
cays exponentially withm:

Pr {|pij (Xi(2k), Xj(2k + 1))− pij (Xi(2k), Xj(2k)) | > δ}
.
= e−2mδ2

Proof Ideas: Chernoff-Hoeffding bound.
Let us denotêΦ(X(2k + 2)) as the potential function with

knowledge ofXi(2k) andXj(2k + 1). Similarly, Φ(X(2k +
2)) is the potential function with knowledge ofXi(2k) and
Xj(2k). The perturbation between the two potential functions
is analyzed below.

Lemma 3: If perturbation in transition probabilityδ ≤√
γ2km2

n3 , then the potential function has negligible pertur-
bation and satisfies proposition 3, lemma 1 and lemma 2.

However, whenδ =
√

γ2km2

n3 , t ≤
(

n3

m3 log 4n4

ε2

) 1

β

is required
for ε-Nash equilibrium.
Proof Ideas: On one hand, if the perturbation be-
tweenpij (Xi(2k), Xj(2k + 1)) and pij (Xi(2k), Xj(2k)) is
small(which is of high probability), the dominant term in
potential function has not changed. As a result, the ex-
pected convergence time is not changed. On the other hand,
if the perturbation betweenpij (Xi(2k), Xj(2k + 1)) and
pij (Xi(2k), Xj(2k)) is large(which is high unlikely), some

extra time t ≤
(

n3

m3 log 4n4

ε2

) 1

β

for convergence is needed.
Detailed proof can be found in Appendix VI [1].

With lemma 2 and 3 at hand, theorem 1 is proved.
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VII. PERFORMANCEANALYSIS FOR OPEN SYSTEMS

In this section, we prove theorem 2. Firstly, we
prove that there is only negligible perturbation between
pij (Xi(2k), Xj(2k + 1)) andpF

ij

(
XF

i (2k), XF
j (2k + 1)

)
un-

der certain constraints onA(t) and
n∑

i=1

Ci(t). Secondly, it is

shown that convergence time perturbation between open and
closed system is small.

A. Small perturbation of transition probability

Guarantees on the perturbation between
pij (Xi(2k), Xj(2k + 1)) and pF

ij

(
XF

i (2k), XF
j (2k + 1)

)
is

given in this subsection.
Proposition 5: Perturbations in transition probability de-

cays exponentially inM :

Pr{
⋃

ij

|pij (Xi(2k), Xj(2k + 1))

−pF
ij

(
XF

i (2k), XF
j (2k + 1)

)∣∣ > δ
}

≤ Pr





⋃

ij

∣∣∣∣
Zj(2k) + mγ2k

n−1

Xi(2k) + Zi(2k)

∣∣∣∣ > nδ




+ n2e−2M(2k)δ2

.

Proof Ideas: Chernoff-Hoeffding bound. Detailed proof can
be found in Appendix VII [1].

B. Small perturbation of potential function

Let us denoteΦ̂(XF (2k + 2)) as the potential function
with knowledge of XF

i (2k) and XF
j (2k + 1). Similarly,

Φ̂(X(2k + 2)) is the potential function with knowledge of
Xi(2k) and Xj(2k + 1). The perturbation between the two
potential functions is analyzed below.

Lemma 4: If perturbation in transition probabilityδ ≤√
γ2km2

n3 , potential function has negligible perturbation and
satisfies proposition 3, lemma 1 and lemma 2. However, when

δ =
√

γ2km2

n3 , t ≤
(

n3

m3 log 4n4

ε2

) 1

β

is required forε-Nash
equilibrium.
Proof Ideas: Proof idea is the same as it is in lemma 3.
Detailed proof can be found in Appendix VIII [1].

Therefore, we can conclude that our algorithm is robust with
the small amount of arrival and departure users in the system.

VIII. C ONCLUSION

In this paper, we undertook a careful analysis of the
convergence rate of randomized local search mechanism for
load balancing in large closed and open systems. Our results
demonstrate that simple mechanisms can achieve rapid con-
vergence to an approximate load balanced state. Moreover,
we demonstrate the robustness of randomized local search
to inaccurate server load measurements, user dynamics and
decaying explorations by the users. Our study paves way to a
number of interesting questions. To what extent, can we have
noise in the server load measurements? Can we extend our
analysis to the case with variable server quality of service,
possibly in a user-dependent manner? In this case, there are
multiple Nash equilibria. Is it possible to design mechanisms

which choose an efficient equilibrium and can we provide
convergence rate guarantees? The answers to these questions
will not only deepen our understanding but also have impact
on designing efficient resource allocation mechanisms in real
systems.

APPENDIX

I. Proof of Proposition 1

Proof: Consider a simple example ofn = 2 servers in a
super time slot. Att = 2k, assume without loss of generality
thatX1(2k) > X2(2k). At the exploration slott = 2k+1 with
exploration probabilityγ2k, the expected number of users is
thus

E [X1(2k + 1)] = X1(2k)(1 − γ2k) + X2(2k)γ2k

E [X2(2k + 1)] = X2(2k)(1 − γ2k) + X1(2k)γ2k.

Under the assumption that0 < γ2k < 1
2 , it is apparent that

E [X1(2k + 1)] > E [X2 (2k + 1)] .

On one hand, each usera who switched from server 1 to server
2 experiences lighter load and switches back with probability
f21 := f(X1(2k), X2(2k + 1), γ2k). On the other hand, each
user b who switched from server 2 to server 1 experiences
heavier load and hence, switches back with probability 1.

At t = 2k + 2, the expected load in each server is thus

E[X1(2k + 2)] = X1(2k)[1− γ2k(1− f21)] + m2γ2k(1− f12)

E[X2(2k + 2)] = X2(2k)[1− γ2k(1− f12)] + m1γ2k(1− f21)

wheref12 = 1.
In order to ensure fast convergence toε-Nash equilibrium,

it is intuitive to have the expected loads in the two servers
to be balanced after each round of the algorithm, i.e., setting
E[X1(2k + 2)] = E[X2(2k + 2)], we obtain

f21 = 1− 1

2γ2k

(
1− X2(2k)

X1(2k)

)
.

Extend ton-server scenario. In order for rapid convergence,
the backtracking probability can be achieved by setting load
balance of the next time slot.fji (Xi(2k), Xj(2k)) is as
follows:

fji =

{
max

{
1− n−1

nγ2k

(
1− Xj(2k)

Xi(2k)

)
, 0
}

, Xj (2k) < Xi(2k)

1, Xj (2k) ≥ Xi (2k)

In the case that the exploration probability meets the condition
that 0 ≤ γ2k ≤ n−1

n
, fji (Xi(2k), Xj(2k)) is

fji =






1, Hj
i (2k)

1− n−1
nγ2k

(
1− Xj(2k)

Xi(2k)

)
, Mj

i (2k)

0, Lj
i (2k)

.

While in the case that the exploration probability meets the
condition thatn−1

n
< γ2k < 1, fji (Xi(2k), Xj(2k)) is
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fji =

{
1− n−1

nγ2k

(
1− Xj(2k)

Xi(2k)

)
, Xj (2k) < Xi (2k)

1, Xj (2k) ≥ Xi (2k)
.

In order forfji ≤ 1, the exploration probability should be
γ2k ≥ (n−1)Xj(2k)

nXi(2k) , whereXj(2k) ≤ Xi(2k).

It is reasonable to assume that0 ≤ γ2k ≤ n−1
n

. 2
II. Estimation ofXj(2k)

Since

E[Xj(2k + 1)] = Xj(2k)(1− γ2k) + (m−Xj(2k))
γ2k

n− 1
,

it is easy to obtain

Xj(2k) =
E[Xj(2k + 1)]− mγ2k

n−1

1− nγ2k

n−1

.

Now the problem is that user populationm is not known to
each user in distributed systems. However, an asymptotically
unbiased estimation̂m = nXj(2k + 1) can be employed to
solve this problem.

X̂j(2k) =
(
1− nγ2k

n−1

)
E[Xj(2k+1)]

1−nγ
2k

n−1

X̂j(2k) = Xj(2k + 1).

III. Proofs of Observations

We need the following observation to estimate the potential
function of the system in order to assess the convergence of
it.

Observation 1 Expected load on serveri under the
condition that the last state of the network isx is

E[Xi(2k+2)|X (2k) = x] ≤
n∑

l=1
l 6=i

γ2k

n− 1
xl−

∑

l∈Ai(2k)

2γ2k

n− 1
xl+xi.

Proof:

E[Xi(2k + 2)|X (2k) = x] =
n∑

l=1

xlpl,i (x)

=
∑

l∈Ci(t)

xl
1
n

(
1− xi

xl

)
+

∑
l∈Di(t)

xl
γ2k

n−1

+xi

[
1− ∑

l∈Bi(t)

1
n

(
1− xi

xl

)
− ∑

l∈Ai(t)

γ2k

n−1

]

=
∑

l∈Bi(t)
⋃

Ci(t)

1
n

(xl − xi) +
∑

l∈Di(t)

γ2k

n−1xl −
∑

l∈Ai(t)

γ2k

n−1xi + xi

≤ ∑

l∈Bi(t)
⋃

Ci(t)

1
n

[
xl − xl

(
1− nγ2k

n−1

)]
+

∑
l∈Di(t)

γ2k

n−1xl

− ∑
l∈Ai(t)

γ2k

n−1
xl

1−nγ2k

n−1

+ xi

=
n∑

l=1
l 6=i

γ2k

n−1xl −
∑

l∈Ai(t)

2γ2k

n−1 xl + xi 2

Observation 2 Variance of load on serveri under the
condition that the last state of the network isx is

Var [Xi(2k + 2)|X (2k) = x]

≤ ∑

l∈Bi(t)
⋃

Ci(t)

γ2k

n−1xl +
∑

l∈Di(t)

γ2k

n−1xl −
∑

l∈Ai(t)

γ2k

n−1xl + xi

Proof:

Var [Xi(2k + 2)|X (2k) = x] =
n∑

l=1

xlpli (x) (1− pli (x))

≤ ∑
l∈Ci(t)

1
n

(xl − xi) +
∑

l∈Di(t)

γ2k

n−1xl

+xi

[
1− ∑

l∈Bi(t)

1
n

(
1− xl

xi

)
− ∑

l∈Ai(t)

γ2k

n−1

]

≤
∑

l∈Bi(t)
⋃

Ci(t)

γ2k

n−1xl −
∑

l∈Ai(t)

γ2k

n−1
xl

1−nγ
2k

n−1

+
∑

l∈Di(t)

γ2k

n−1xl

+xi

≤ ∑

l∈Bi(t)
⋃

Ci(t)

γ2k

n−1xl +
∑

l∈Di(t)

γ2k

n−1xl −
∑

l∈Ai(t)

γ2k

n−1xl + xi2
III. Proof of Proposition 3

Proof: Since

E[Φ(X(2k + 2))|X(2k)] + nX(2k)2

≤
n∑

i=1

(E[Xi(2k + 2)|X(2k)])2 +
n∑

i=1

Var[Xi(2k + 2)|X(2k)]

we can derive the structure ofE[Φ(X(2k + 2))|X(2k) = x]
as follows:

E[Φ(X(2k + 2))|X(2k) = x] + nx̄2

≤
n∑

i=1




n∑
l=1
l 6=i

γ2k

n−1xl +
(
1− γ2k

n−1

)
xi−

∑
l∈Ai(t)

2γ2k

n−1 xl




2

+
n∑

i=1

{
n∑

l=1

γ2k

n−1xl −
∑

l∈Ai(t)

2γ2k

n−1 xl

}
+ nx

Now, focus on estimating these three terms:
n∑

i=1

(
∑

l∈Ai(t)

xl

)2

,
n∑

i=1

(
∑

l∈Ai(t)

xl

)
and

n∑
i=1

(
xi

∑
l∈Ai(t)

xl

)
.

The upper bound of these three items are as follows:





(1)
n∑

i=1



 ∑

l:xl≤xi(1−nγ
2k

n−1 )
xl




2

≤ 1
4

(
1− nγ2k

n−1

)2

n2
n∑

i=1

x2
i

(2)
n∑

i=1



 ∑

l:xl≤xi(1−nγ
2k

n−1 )
xl



 ≥ n
(
1− nγ2k

n−1

)
x

(3)
n∑

i=1



xi

∑

l:xl≤xi(1−nγ2k

n−1
)

xl



 ≥
(
1− nγ2k

n−1

) n∑
i=1

x2
i
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Note that even forγ2k(a) being different for different users

a, these inequalities still hold givenγ2k = 1
m

m∑
a=1

γ2k(a) and

min
a

γ2k(a) ≈ max
a

γ2k(a).

⇒ E[Φ(X(2k + 2))|X(2k) = x]

≤
[(

n−1
γ2k
− 1
)2

+
(
1− nγ2k

n−1

)2

n2 − 4
(

n−1
γ2k
− 1
)(

1− nγ2k

n−1

)]

(
γ2k

n−1

)2 n∑
i=1

x2
i

+
(

γ2k

n−1

)2
[
n3 − 2n2 + 2n2 n−1

γ2k
− 4n2(1− nγ2k

n−1 )−
(

n−1
γ2k

)2

n

]
x2

+
[

γ2kn2

n−1 −
2nγ2k

n−1

(
1− nγ2k

n−1

)
+ n− γ2kn

n−1

]
x

(9)
Now we focus on estimating the upper bound of

E[Φ(X(2k + 2)|X(2k) = x)]. We can incorporateΦ(X(2k))
into equation (9).

⇒ E[Φ(X(2k + 2))|X(2k) = x]

≤
(

γ2k

n−1

)2
[(

n−1
γ2k
− 1
)2

+
(
1− nγ2k

n−1

)2

n2

−4
(

n−1
γ2k
− 1
)(

1− nγ2k

n−1

)]
Φ(X(2k) = x)

+

[(
n−1
γ2k
− 1
)2

+
(
1− nγ2k

n−1

)2

n2 − 4
(

n−1
γ2k
− 1
)(

1− nγ2k

n−1

)

+n2 − 2n + 2nn−1
γ2k
− 4n + 4n2 γ2k

n−1 −
(

n−1
γ2k

)2
] (

γ2k

n−1

)2

nx2

+
[

γ2kn2

n−1 −
2nγ2k

n−1

(
1− nγ2k

n−1

)
+ n− γ2kn

n−1

]
x

(10)
WhenΦ (X(2k)) small,the dominant terms in equation (10)

are the second and the third ones, the system is already
in converged state. However, whenΦ (X(2k)) grows, the
dominant term is

E[Φ(X(2k + 2))] ≤
(

γ2k

n−1

)2
[(

n−1
γ2k
− 1
)2

+
(
1− nγ2k

n−1

)2

n2

−4
(

n−1
γ2k
− 1
)(

1− nγ2k

n−1

)]
Φ(X(2k)).

Note γ2k = 1
m

m∑
a=1

γ2k(a) if min
a

γ2k(a) ≈ max
a

γ2k(a). In

other words, proposition holds even for users with different
γ2k(a)’s as long as they perturbations are small. 2

IV. Proof of Lemma 1

Proof:

1) First let us derive a sufficient region ofβ in

which convergence is feasible.γt = 1
m

m∑
a=1

γt(a).

Denote Q(t) =

[(
n−1
γt
− 1
)2

+
(
1− nγt

n−1

)2

n2

−4
(

n−1
γt
− 1
)(

1− nγt

n−1

)](
γt

n−1

)2

. Sincen is a large

enough number, andγt = t−β ,

Q(t) = 1− 6
n
t−β +

(
5

n2 + 4
n

+ 1
)
t−2β

−
(

4
n2 + 2

)
t−3β + t−4β.

With the fact thatE[Φ(X(2t+2))] ≤ Q(t)E[Φ(X(2t))],

E[Φ(X(2t))]

≤ Q(t)E[Φ(X(2t− 2))]

≤
t∏

τ=1

[
1 + τ−2β(5− 4τ−β)( 1

n
)2 − τ−β(6− 4τ−β) 1

n

+τ−2β(1 − τ−β)2
]
E[Φ(X(0))]

The sufficient region ofβ should satisfy

0 < Q(t) < 1 or log Q(t) < 0 (11)

According to [5, Theorem 3.2]:
the following results hold:

a) Forβ = 0: recall from Proposition 1 that0 ≤ γt ≤
n−1

n
, β = 0 is not feasible.

b) For β = 1, 1
2 , 1

3 , or 1
4 : Q ≤ 1 holds.

c) Forβ > 0 andβ 6= 1, 1
2 , 1

3 , 1
4 : feasible values ofβ

satisfy Equation (12).

log
t∏

τ=1
Q(τ)

≤ t log
{
1 +

(
5

n2 + 4
n

+ 1
) [

t−2β

1−2β
+ ζ(2β)

t
+ O(t−2β−1)

]

+
[

t−4β

1−4β
+ ζ(4β)

t
+ O(t−4β−1)

]

− 6
n

[
t−β

1−β
+ ζ(β)

t
+ O(t−β−1)

]

−
(

4
n2 + 2

) [
t−3β

1−3β
+ ζ(3β)

t
+ O(t−3β−1)

]}

≤ 0
(12)

are difficult to obtain. Still we can derive some
sufficient regions whereβ satisfies Equation (11).
The dominant terms aret

−2β

1−2β
−2 t−3β

1−3β
+ t−4β

1−4β
, we

can see that if−1 < 1−2β < 0, then the decaying
condition satisfies. Which means that1

2 < β < 1
is a sufficient region for convergence.

From (a), (b) and (c), a sufficient condition onβ for
convergence isβ ∈ [12 , 1].

2) Now, under the condition that the decaying condition on
β (Equation (11))is satisfied, the following result holds
according to Jensen’s inequality.

log
t∏

τ=1
Q(τ)t log

[
1− 1

n
+ 0.5

n2 − 3
n
t−β + t−β

2

(
1− t−β

)2]
.

That means,log
t∏

τ=1
Q(τ) ≤

(
t log

(
1− 1

n

))
holds un-

der that condition thatt >
(

n
2

) 1

β .
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So,

E[Φ(X(2t))] ≤ (1− 1

n
)t

E[Φ(X(0)].

holds at least under the condition that1
2 ≤ β ≤ 1 and t >

(
n
2

) 1

β .
Additionally, the fact thatβ ∈ [0.5, 1] leads to system

convergence implies that it’s subsetβ(a) ∈ [0.5, 1] leads to
system convergence as well. In a nutshell,t−1 ≤ min

a
γt(a) ≤

max
a

γt(a) ≤ t−0.5 is a sufficient condition for the potential
function shrinking with time. 2

V. Proof for Lemma 3

Proof: DenoteΛ as the event of large perturbation, i.e.,

Λ =
⋃

ij

|pij (Xi(2k), Xj(2k + 1))− pij (Xi(2k), Xj(2k))| > δ,

and the event of small perturbation is

ΛC =
⋂

ij

|pij (Xi(2k), Xj(2k + 1))−pij (Xi(2k), Xj(2k)) | ≤ δ.

According to basic theory of probability, the following formula
holds:

E

[
Φ̂(X(2k + 2))|X(2k)

]

= E

[
Φ̂(X(2k + 2))|X(2k), Λ

]
P (Λ)

+E

[
Φ̂(X(2k + 2))|X(2k), ΛC

]
P (ΛC)

.

In the case of small perturbationΛC ,
∣∣∣E
[
Φ̂(X(2k + 2))|X(2k) = x

]
− E [Φ(X(2k + 2))|X(2k) = x]

∣∣∣
+E [Φ(X(2k + 2))|X(2k) = x]

≤

∣∣∣
(
2γ2k

n3

n−1
− γ2k

n2

n−1

)
xδ + n2δ + n2δ2

∣∣∣
+E [Φ(X(2k + 2))|X(2k)]

(13)
The dominant term in equation (13) is stillE [Φ(X(2k + 2))

|X(2k)] under the condition thatδ ≤
√

γ2km2

n3 .
In other words,
∣∣∣E(Φ̂(X(2k + 2)))− E(Φ(X(2k + 2)))

∣∣∣+ E[Φ(X(2k + 2))]

≤
(

γ2k

n−1

)2
[(

n−1
γ2k
− 1
)2

+
(
1− nγ2k

n−1

)2

n2

−4
(

n−1
γ2k
− 1
)(

1− nγ2k

n−1

)]
Φ(X(2k))

still holds under the condition thatδ ≤
√

γ2km2

n3 .
According to lemma 1 and 2, an upper bound of expected

convergence time is achieved. The concentration bound also
holds as well:

E[T ] ≤ n log
4n2

ε2
+
(n

2

) 1

β

(14)

Pr

{∣∣∣∣Φ (X(T ))− ε2
m2

4n2

∣∣∣∣ ≥ mθ

}
≤ e−2θ2

(15)

in the sufficient region ofβ ∈ [12 , 1] andm > n2.

In case of large perturbationΛ, we needδ to be higher
in order to reduce the probability of bad eventP (Λ). When

δ =
√

γ2km2

n3 ,

E

[
Φ̂ (X(2k + 2)) |X(2k) = x, Λ

]
P (Λ) ≤ ε2m2

4n2

is satisfied if

t ≤
(

n3

m3
log

4n4

ε2

) 1

β

. (16)2
VI. Proof of Proposition 5

Proof: Thanks to Chernoff-Hoeffding bound, we know that

Pr

( |Xj(2k)− E[Xj(2k)]|
M(2k)

> ε1

)
≤ e−2M(2k)ε2

1 (17)

This means that,E[Xj(2k)] can accurately represent real
Xj(2k) with a high probability.

Also according to Equation (17) ,

Pr
{∣∣pF

ij

(
XF

i (2k), XF
j (2k + 1)

)

−E
[
pF

ij

(
XF

i (2k), XF
j (2k + 1)

)]∣∣ > δ
}

= Pr
{

|Xj(2k)−E[Xj(2k)]|
M(2k) > δ

XF
i (2k)n
M(2k)

}

≤ e−2M(2k)δ2

.

(18)

Note that in equation (18), after1 round of exploration and
backtracking, there won’t be sparsity in any of the server loads,
thus the equation is achieved.

If concentration holds, the following result holds as well:

Pr
{∣∣pF

ij

(
XF

i (2k), XF
j (2k + 1)

)
− pij (Xi(2k), Xj(2k + 1))

∣∣ > δ
}

≤ Pr
{∣∣pij − E[pF

ij ]
∣∣ > δ

}
+ Pr

{∣∣E[pF
ij ]− pF

ij

∣∣ > δ
}

≤ Pr
{∣∣pij − E[pF

ij ]
∣∣ > δ

}
+ e−2M(2k)δ2

. (19)

Furthermore,

Pr
{∣∣pij − E[pF

ij ]
∣∣ > δ

}

(a)

=
Pr

{
1

n

∣∣∣∣
Xj(2k + 1)

Xi(2k)
−

Xj(2k + 1) + Zj(2k)(1 − γ2k) + (M(t)− Zj(2k)) γ2k

n−1

Xi(2k) + Zi(2k)

∣∣∣∣ > δ

}

(b)

=
Pr

{
1

n

∣∣∣∣
Xj(2k + 1) + Zj(2k) + mγ2k

n−1

Xi(2k) + Zi(2k)
− Xj(2k + 1)

Xi(2k)

∣∣∣∣ > δ

}

≤ Pr

{∣∣∣∣
Zj(2k) + mγ2k

n−1

Xi(2k)

∣∣∣∣ > nδ

}
. (20)

(a) holds because of the system model analysis; (b) is achieved
by utilizing the asymptotic unbiased estimation of̂M(2k) =
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m+nZj(2k). Equation (19) and (20) lead to the union bound
of transition probability perturbation.

Pr

{
⋃

ij

∣∣pF
ij(X

F
i (2k), XF

j (2k + 1)) − pij(Xi(2k), Xj(2k + 1))
∣∣ > δ

}

≤ Pr

{
⋃

ij

∣∣∣∣∣
Zj(2k) + mγ2k

n−1

Xi(2k)

∣∣∣∣∣ > nδ

}
+ n

2
e
−2M(2k)δ2

The proposition is proved. 2
VII. Proof of Lemma 4

Proof: DenoteΛ as the event of large perturbation, i.e.,

Λ =

{
⋃

ij

|pF
ij (Xi(2k), Xj(2k + 1)) − pij (Xi(2k), Xj(2k + 1)) | > δ

}

⋂{
M(t) ≥

εm

n

}
,

and the event of small perturbation is

ΛC =

{
⋂

ij

|pF
ij (Xi(2k), Xj(2k + 1)) − pij (Xi(2k), Xj(2k + 1)) | ≤ δ

}

⋃{
M(t) <

εm

n

}
.

According to basic theory of probability, the following formula
holds:

E

[
Φ̂(XF (2k + 2))|X(2k)

]

= E

[
Φ̂(XF (2k + 2))|X(2k), Λ

]
P (Λ)

+E

[
Φ̂(XF (2k + 2))|X(2k), ΛC

]
P (ΛC).

In case of small perturbationΛC , it is obvious that
the dominant term inE

[
Φ̂(XF (2k + 2))|X(2k)

]
is still

E [Φ(X(2k + 2))|X(2k)] as long asδ <

√
γ2km2

n3 . Thus
lemma 1 and 2 are satisfied.

In case of large perturbationΛ, we needδ to be larger
in order to reduce the probability of bad eventP (Λ). When

δ =
√

γ2km2

n3 ,

E

[
Φ̂(XF (2k + 2))|X(2k) = x, Λ

]
P (Λ) ≤ ε2 max {m, M(2k)}2

4n2

is required forε-Nash equilibrium.

It is known thatE
[
Φ̂(XF (2k + 2))|X(2k) = x, Λ

]
P (Λ) ≤

M(2k)2P (Λ). As a result, if we could restrict on

Zi(2k), i ∈ {1, 2, . . . , n} such that

P (Λ) ≤ Pr





⋃

ij

∣∣∣∣
Zj(2k) + mγ2k

n−1

Xi(2k)

∣∣∣∣ > nδ




+ n2e−2M(2k)δ2

≤ Pr





⋃

ij

∣∣∣∣
Zj(2k) + mγ2k

n−1

Xi(2k)

∣∣∣∣ > nδ




+ n2e−2ε m
n

δ2

≤ ε2

4n2
,

thenε-Nash equilibrium is achieved.
So, under the conditions that

Pr

{∣∣∣∣M(2k)− (1− γ2k

n− 1
)m

∣∣∣∣ > n− 1

2 m2√γ2k

}
≤ ε2

4n4
,

(21)
and

t ≤
(

n4

εm3
log

4n4

ε2

) 1

β

(22)

an ε-Nash equilibrium is obtained.

Equation (21) is due toPr

{
⋃
ij

∣∣∣∣
Zj(2k)+

mγ
2k

n−1

Xi(2k)

∣∣∣∣ > nδ

}
≤

ε2

4n2 , while equation (22) is achieved by imposing
n2e−2ε m

n
δ2 ≤ ε2

4n2 . 2
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