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Abstract—The problem of distributed load balancing among  patcher) with a global view of the operations, which effitign
m agents operating in ann-server slotted system is considered. allocates users to lightly loaded servers upon arrival.(e.g
A randomized local search mechanism, FCD (fast, concurrent Join-the-Shortest-Queue policy, and the more recent thain-

and distributed) algorithm, is implemented concurrently by . .
each agent associated with a user. It involves switching to a Idle-Queue policy [14]). However, such dispatchers may not

different server with a certain exploration probability and then ~always be present and in many systems, the users may be

backtracking with a probability proportional to the ratio o f autonomous agents making decisions. Recent focus has been

the measured loads in the two servers (in consecutive time on the development of distributed load balancing mechagjism

slots). The exploration gnd backtrackm_g operations are egcuted implemented locally and myopically by autonomous agents

concurrently by users in local alternating time slots. To esure . .

that users do not switch to other servers asymptotically, ezh user wlthout a centralized controller, popularly termedrgﬂdom-

chooses the exp|0rati0n probabmty to be decaying p0|yn0m||y |Zed |0ca| SeaI’ChSUCh meChar“SmS can a|SO effeCtlvely m0de|

with time for decaying rate 8 € [0.5,1]. The backtracking agent behaviors in large distributed systems such as cable o

decision is then based on an estimate of the server load whigs electricity supply market.

computed based on local information. Thus, FCD algorithm des  pangomized local search can be thought of as a randomized

not require synchronization or coordination with other users. . . . .

The main contribution of this work, besides the FCD algorithm, algo_nthm for |n-net\NorI_< computation ba_sed on local |nf0_r-

is the analysis of the convergence time for the system to bemation at the users with a goal to achieve load balancing

approximately balanced, i.e. to reach an-Nash equilibrium. We among the servers. Under randomized local search, each user

show that the system reaches an-Nash equilibrium in expected randomly selects another server and measures its loace If th

time O (max {nlog I (n_?; log n_2) E whenm > n2. alternative load is lower then with some probability, themus
N ‘ " N . switches to the new server. Intuitively, the probabilitatishe

This implies that the convergence rate is robust with large cale . S . .

system(large user population), and is not affected by impéect swﬂches is higher if the ratio of th.e curre.n_t load to the new

measurements of the server load. We also extend our ana|y§"B load is |arger. HOWeVer, the load is sensitive to the number

open systems where users arrive and depart from a system with of users and increases under the influx of new users to the

an initial load of m users. We allow for general time-dependent server. Thus, it is not always optimal for the users to switch

arrival processes (including heavy-tailed processes) ambnsider 4 5 server with a lower load and randomization is therefore
a uniform and a load-oblivious routing of the arrivals to the - .
necessary for efficient load balancing.

servers. A wide class of departure processes including load . ) . .
dependent departures from the servers is also allowed. Our ~ We consider randomized local search mechanisms for dis-

analysis demonstrates that it is possible to design fast, wourrent  tributed load balancing, but with additional challengeisst-
and distributed load balancing mechanisms in large multi-gent e consider concurrent load balancing which makes it harder
systems via randomized local search. for the users to measure the true load at the server. Thissnean
that the users have access to only indirect observatiortseof t
server loads since they are simultaneously exploring reiffe

The recent years have witnessed an explosive growth in &ervers. This entails the use of imprecise information atim
demand for computational and storage services. The pamadigerver loads in randomized local search mechanisms. Second
of cloud computing holds the promise to meet these demans impose a penalty on switching to new servers and require
in an efficient and a timely manner. Increasingly, more artbat users settle down to a load balanced state asymptgtical
more web services are deployed on large-scale distributBhlis entails a careful design of exploration probabilitidsch
cloud systems. However, such systems present huge chedlerdecay over time and yet ensure convergence to an (approxi-
involving resource allocation, scalability and dynami@ne mate) load balanced state. Third, we extend our convergence
direction of work has focused on the design and analysis tihe analysis to open systems and demonstrate that conver-
scalable resource allocation mechanisms, popularly tmmse gence time is largely unaffected by user dynamics for a wide
load-balancing mechanisms. class of arrival and departure processes. Our analysisisn th

Traditionally, load-balancing mechanisms have reliedran t paper demonstrates that it is possible to design fast, cosmdu
presence of a centralized controller (also known as the dad distributed load balancing solutions in large mulig

I. INTRODUCTION



systems through randomized local search without the need fequire the users to have a global knowledge on whether they
coordination or synchronization among the users. are currently in underloaded or overloaded servers. Thd wor
of P. Berenbrink [6] considered a strongly distributed i@rs
A. Related Work of randomized local search, where agents migrate selfishly
The load-balancing game under consideration is a welithout any centralized control. In each time slot, usetscte
studied notion in game theory and is popularly known as different server uniformly at random and test its load. If
the congestion gameRosenthal [16] proved that pure Nastthe load is lower than the current server, then users migrate
equilibria (NE) always exists for congestion games siney thwith a certain probability. Guarantees on convergence time
are potential games. In our paper, we consider one of thee provided in [6]. The work in [18] extends the analysis of
potential functions by [16], modulo a linear rescaling anthndomized local search to asynchronous exploration based
analyze convergence to (approximate) Nash equilibrium wim Poisson clock ticks. This assumption leads to a better
the decay in the potential function. convergence rate guarantee but requires asynchrony ohacti
The presence of a potential function also establishes tkhong the agents.

pure NE can be found via a sequence of better-response = ] ]
moves, in which agents repeatedly switch to lower-costestra Distributed load balancing mechanisms have also been stud-

gies. However, such strategies require global informatibn 1€d for open systems, where users arrive and depart, tjipical
all server loads while the randomized local search is onfifcording to a queueing model. The popular mechanism,
based on the loads in the current and the previous servERQWN as power ofi choices [15], was studied for queueing
used by the agent. Moreover, under the strongly distribut§4Stems where incoming users randomly chodseut of
setting considered here, such moves may occur simultalyeous S€rvers and waits for service at the servers. Similarly,
leading to stale information and suboptimal responsess@h&ther works [11,14,18,19] have studied load balancing unde
shortcomings are also faced by logit response strategies c8U€Ueing processes. For instance, the work in [18] analyzes
sidered in [17], where convergence time analysis is carrif Stability region under randomized local search andoand
out via elegant Markov chain mixing time analysis. Moregveload oblivious mechanisms but do not consider transieet (i.
the convergence time to approximate Nash equilibrium undenvergence rate) analysis.

logit response is shown to be linear in the number of usersy . \work differs from the analysis in [6,18] in a few

while our schemes have logarithmic guarantees. See Tabl&éy aspects: the works in [6,18] assume that it is feasible

Another class of popular mechanisms are based on the §9ineasure the true load of another server before migrating
called replication policies (e.g. [9]), where the agentSaf® \n4er concurrent moves by different users. However, under

the actions of other agents. However, such mechanismseeqyj,, setting, the users can only measure the loads of differen

that users be able to observe the actions of other userss wigly o by committing to spend at least one time slot in those

under our setting, the users only need to measure the l0adg@Qi ers. This implies that such load measurements do not

their servers. ) ) include users who are currently exploring other servers and
Convergence time for load balancing has also been analyzgd, jecide to backtrack. We undertake a careful analysis of

through the notion of regret imulti-armed banditsystems ¢ effect of incorrect load information on the convergerate

in [3,13]. However, again, these schemes require the USESSin approximately balanced state. We also consider degayi

to keep track of the quality of service at all the servers,,oration probabilities which discourages switchingoag
(assumed to be stochastic) while the schemes considered gt sers, while the previous works do not limit exploration
only require the current load and the load experienced by the

o th . i h & en after a load balanced state is reached. Moreover, we
user in the previous time step. Moreover, the regret under f;onq our analysis to open systems where users arrive and

schemes in [3,4,13] scale poorly when the number of usgfsyart from the system. We take a different approach to user
is large, while efficient scaling in large-scale systemsn®a dynamics compared to [18]. We assume an initial setrof

core contribution of our work here. Similarly, the work ir[l ;sers in the system and a continuous stream of arrivals and
analyzes the popular multiplicative update algorithmpmsed  yonartyres, as the users proceed to balance the loads. We
earlier for non-stochastic bandits, and prove convergenttee provide guarantees on the convergence time to reach and

Nash equilibrium for congestion games. However, they do nofiriain ane-neighborhood of the Nash equilibrium.
provide convergence rate guarantees.

Randomized local search mechanisms are a popular class de note that load balancing mechanisms have been consid-
distributed load balancing strategies. Goldberg [10] pegul ered under alternative scenarios which are not directbted|
a variant of this strategy, where users select alternatimeess to this work. For instance, the work in [14] considers effitie
at random and migrate if the alternative load is lower. Howead balancing based on the design of a dispatcher which
ever, this protocol requires that migration events takeglaimplements Join-ldle-Queue policy for incoming users. The
one at a time, and that the loads be updated immediatelyork in [20] considers green load balancing where energy and
Even-Dar and Mansour [8] improved the convergence rate geographical constraints are involved. It is envisioned tur
O(loglogm + logn) for m users andh servers and allowed proposed distributed load balancing mechanisms achieterbe
for concurrent, independent rerouting decisions. Howgliey gains when operated in conjunction with these policies.



B. Summary of Contributions TABLE I: Guarantees on expected convergence times-to
Nash equilibrium withm users,n servers and exploration

. . _ ) robability t =4, where € [0.5,1] andm > n2. For details,
We now summarize the main contributions of this WOI’l{,)efer to Theorems 1 and 2

Convergence time guarantees for the users to settle down t0-&ngs Convergence time &Nash
e-Nash equilibrium under concurrent play of randomized locaSetting in [17F O (m log log m)
search mechanisms are provided. We consider increasinghgtting in [6f  loglogm? — log log
closed and open systems for analysis. In a closed system, tisetting in [2f  log(n)/¢

. X - . 1 1
number of users is fixed, Wh!le in open systems, users arrive ., Systef max 4 n log 4?22 + (%) 7, (Z_i log 4n4) B
and depart from the system in each time slot. The key results

. . 1 %

on convergence rates are summarized in Table . Open Systeh  max 4 nlog 4?22 () ( n g 4:24) 5

Each user implements the FCD algorithm with a certain N\

. . . . . 3
exploration probability which decays over time, enablihg t (% log 4% ) }
users to settle down eventually. A careful choice of the L Undor oo p—

. O . L : Under logit response strategies.
eXplorat'on probablhty IS r_Eqerd' if it decays too fattten. 2: The setting in [6] assumes parallel movements of users.\ildrks
we may not be able to achieve convergence to an approximaten [6] and [2] assume a closed system where users have agzess t
load balanced state; on the other hand, if it decays SlOle, the true load of the servers and impose no switching costsigers

. e to measure loads in other servers.

then.lt encourages more switching among the users. We,. Proposed algorithm in this paper.
consider the scenario, where the exploration probabittays
polynomially with time ast=? for 8 € [0.5,1]. Our results
establish that the convergence rate to an approximatety loa
balanced state has an inverse relationship Witis expected. A. Notion of Nash Equilibrium for Load Balanced State
Moreover, no system synchronization is needed, i.e., reiffe

Il. SYSTEM MODEL

. T There aren users and: servers. Assume that users require
users can explore and backtrack in local alternating tirots sl identical service rates. An assignment of users to Serers a
without the need for coordinatiénSince the users are unablqime ¢ is represented.as a vectd(t) — (X1(t), Xa(t)

to measure the true loads at the servers during the exmlorati X,.(#)) in which X, (t) denotes the numbelr of'use2rs \;vho
phase, it entails the use of incorrect load information wrlde a.ré, asnsigned o serve;i e. the load at servet Let Y, (¢) be
randomized local search mechanism. Our convergence ti € load experienced (rﬁéasured) by useThus, if ul;era is
analysis involves a careful manipulation of the conceiunat served byi at timet, Xi(t) = Ya(t). Moreover, we assume
bounds on the load estimates, in conjunction with the afsly§ - = oo (')nezunit of r?wemory n oth’er words. wser
of the potential function foe-Nash convergence. Conceivablyhas knowledge of/, (¢ — 1) andY, (¢) at .timet. In additi(’)n,

our v_vork can pave way _for more sophisticated eSt'mat'(We assume that all users are active as they are in the closed
algorithms under other noisy load measurement models. system

We extend our convergence time analysis to open systemdhe popular notion of Nash-equilibrium of a game denotes
with an initial set ofm users, and an arrival and a departura state where no player has the incentive to change her ¢turren
process of users as the load-balancing mechanism proceeésision. The setting under consideration belongs to @ dfs
The results in Table | demonstrate that the convergence rgtemes termed asongestion gamesr balls and bins In the
is hardly affected by the user dynamics, as long as the linitgetting where the users have uniform loads, there is a unique
set of usersn is large enough and the arrival and departufgash equilibrium corresponding to the perfectly load bedah
processes satisfy a general set of conditions. See Theorestate [6]. Recall that the Nash equilibrium is reach at titoé s
for details. This encompasses a large family of arrival andif max|X;(t) — X;(¢)] < 1, we now define the notion of
departure processes, including heavy tailed arrivals aad | convelggence to the-Nash equilibrium.
dependent departures. Moreover, our bounds on the conveiyeginition 1: An e-Nash equilibrium is reached at time slot
gence rate to an approximately load balanced state areynegrlif
independent of the number of userswhenm > n, wheren
is the number of servers. Thus, our results demonstrateétthat
is possible for a large number of autonomous agents to sapid| . .
settle down to an approximately load balanced state throur%he system stati(t) is called approximately load balanced

fully distributed, concurrent and myopic mechanisms amorfg:= mint is defined as the convergence time. _
the users. Thus, the notion of ar-Nash equilibrium relaxes the notion

of the Nash equilibrium. In aa-Nash equilibrium, no user can
unilaterally change the experienced load by a multipheati
factor of less than — ¢ [6].

max | X;(t) — X;(t)] < e
ij

m
n

10ur setting of a slotted system here is more challenging theompletely
asynchronous system considered in [18] since concurremement of users  2The term “approximately load balanced state” is replaced “load
results in incorrect load measurements under our setting. balanced state” in the sequel.



Algorithm 1 FCD algorithm with static number of users. fFcp algorithm is simple, completely local, myopic, and
Note that no system synchronization is needed, i.e., @iffer only depends on the current load experienced by each user.
users explore and backtrack in local alternating timesatiedl aAn example of the randomized local search mechanism is
distributed system. provided in figure 1. A key design parameter in the algorithm
Exploration probabilitiesy;(a) oc t=7(*) at timet. is the exploration probability,,. Faster exploration may help
if ¢(a) > 0 then the system converge fast but result in system instabilityr wi
System state is exploring; frequent switching (for instance, whep, = 1, the users
are constantly switching). Thus, there is a tradeoff betwee

else

System state is inactive; convergence rate and stability. We requirg. = 2k~° and
end if B € [0.5,1]. Proofs refer to Lemma 1 and Remark 5. Besides
for k=0:T do exploration probability, backtracking probability alseads to

if ¢ = 2k then be carefully selected. We derive the backtracking proigbil

1 +— the servem resides in; in proposition 1. Notations are explained in Table II.

if exploringthen

Explore to another server uniformly with probability TABLE II: Frequently Used Notation table 1

Yok (a); Notation  Explanation
I[Explorg = 1; H(0) T X500 > Xi(0)}
end if M) X0 (1- 25) < X0 < Xa(0)}
else £I(t) X;(t) < Xi(t) (1-221)}

j « the servem resides in;
if I[Explord =1 then
Switch back with probabilityf;;(Y,(2k), Yo (2k +

1: ﬁf (t) denotes{)/fj ) > X; (t)} and so forth.

Proposition 1: At backtracking time slotg = 2k + 1, the

en}j) ’h?%(“)); backtracking probability that userswitches back from server
I[Explord — 0: j to serveri, f;; (X,;(2k), X;(2k)), is
end if )
end for 1, HI(2k)
- n—1 Xj (Qk) j
Fig. 1: A single round fi=q 1 nyark (1 X; (Qk))’ M;2k) (1)
of the iterative algorithm. 0, £ (2k)
The red users in server
i and the blue users  for 0 < g, < 2=t
in server j decide to Proof Ideas: Given that user explores with probability; at
Server Server | explore, while the grey t = 2k, expected load of each servertat= 2k + 1 can be
E * cx . users in both the servers calculated. Users choose to backtrack with probabifityso
e ° stay. In the backtracking thatE[X; (2k+2)] = E[X;(2k+2)] for anyi,j € 1,2,...,n.
- slot, each user decides Note that upon finding a worse load, it is always efficient to
. . o« Whether to backtrack to switch back. Refer to Appendix | [1] for detailed proof.
: the original server. This Estimation of X;(2k) : The backtracking probability;;
. e, COmpletes one round of  derived in Eqn. (1) is a function dfX;(2k), X;(2k), y2x } but
) . sdacxt  the algorithm. the real observation i6X;(2k), X;(2k + 1), 72« }. Estimating

load X;(2k) and plugging inX;(2k) are needed to get the
real backtracking probabilities.
Noting that in large server regime, i.e.,

, ) Xi(2k), X;(2k) — oo, we can accurately estimate the
The randomized local search algorithm, FCD, for loag ¢ (in the sense of MMSE). Estimator

balancing in slotted systems and is given in Algorithm 1. FCD
algorithm proceeds as follows: a userexplores to another

server randomly in even time slof3: with probability vor. . )
In odd time slots, the user decides whether to stay in the niw/Sed. Details refer to Appendix Il [1]. As a result, thelrea

server or switch back to the previous server with a certaffRcktracking probability;; (X;(2k), X;(2k 4 1)) is obtained:
backtracking probability f;;(2k) (Ya(2k), Yo (2k + 1), y2r)- ”

jilah : 1, HI(2k)
We term a cycle of exploration and backtracking as one ¢
round(one super time slot) of the algorithm. By carefully fii={1- n—1 <1 X (2k + 1)>7
selecting the backtracking probability, we can expect adrap Y2k X (2k)
load-balancing of the system. 0,

B. Randomized Local Search Mechanism loads

X;(2k) = X;(2k 4+ 1) 2)

Mi(2k) (3)

Ll (2k)



for 0 < g < ”T‘l Notations are explained in Table II. IV. CONVERGENCETIME RESULTS INOPEN SYSTEMS
We make this approximation precise in following analysis

by alluding t tration bounds for th fimates. R We now extend our analysis to open systems where users
y alluding to concentration bounds Tor the estimales. Wecg, , e and depart from the system. We first describe the
that the notion of-Nash equilibrium is described in Defini-

. : . system model and then undertake analysis of the convergence
tion 1. _We use the standard potential function from the qu e to e-Nash equilibrium. We establish that our mechanism
balancing game [6], given by is fairly robust to user dynamics.

n

O(X(1) =Y _(Xi(t) — X)?, (4) A. System Model
= a) Arrival Process: The basic model consists of parallel

to assess the state of the system, whiris the average 10ad servers and a single stream of arrivals. We consider a simple
of the serversX := 1 3~ X;(¢). load-obliviousrouting scheme where arriving users choose
i=1 servers uniformly at random. Our convergence time guaesnte
I1l. CONVERGENCETIME RESULTS FORCLOSED SYSTEMS in the next section demonstrates that the design of routing
We now state some of the main results of the paper. \Wehemes is not crucial for achieving rapid convergence to an
provide bounds of the convergence time to reaeNash approximately load balanced state.
equilibrium under FCD algorithm. A slotted system with an initial load of: users is con-
sidered. LetA(t) denote the number of arrival users in time
Theorem 1 (Closed System Convergence Time): Let 7 slott and letB;(t) denote the number of arrival users routed
be the number of rounds needed to reach are-Nash to serveri. Due to uniform random access, it's obvious
equilibrium for the first time, the upper bound of E[T]is that E[B;(t)] = #- Denote the load at servérat slot¢
) i 5 N as X;"(t) = X;(t) + B;(t). The arrival processd(t) can
E[T] < max nlogﬂ " (2)5 (n_log‘li>ﬁ be arbitrary and only needs to satisfy some condition (as
- €2 2/ 7\m3 €2 a function oft) in order to have rapid convergence to an
approximately load balanced state. It is reasonable tonassu
that new comers mimic the behaviors of existing users and
switch at similar rates with existing ones.

when 8 € [1,1] and m > n?. We also have the following
concentration bound for the potential function

Pr{’tl)(X(T)) B i > 9} < 020 b) Departure Processin real systems, users frequently
m? dn2| — - depart the servers after their tasks are completed. We demsi
Proofs are provided in Section VI. a load-dependent departure process, where the departare ra
Remark 1: increases as the server load becomes heavier. This model is

1) We derive a non-asymptotic upper bound on the egonsistent with many systems with autonomous agents who
are discouraged to stay in servers with heavy loads. Let

pected convergence time ¢eNash equilibrium (in con- _
trast to asymptotic bounds derived in [6]). The acli (t) denote the number of departure users at seivéhree

tual convergence time concentrates around the expecfogStraints are imposed a#, (¢):

value, and the probability that the deviation is at most « Constraint 1: Ci (1) < X[ ().
d decays exponentially witli. Approximate load bal- « Constraint 2: If X;H(t) < Xj(t),
ancing can be achieved when each user employs an thenC; (t) < C; (t).
unbiased est_imator of the exp_Iored server Iqad. To obtain, ~gnstraint 3: If X;H(t) < X;L(t),
accurate estimates, we require concentration bounds to
) o then
hold, as analyzed below. This leads to an additional term
. . . 5 N Ciy (AX (1) + (1= NX[ (1) < ACi () +(1-N)C; (1),
in the convergence time, given b@% log %) . In fof 0< A<l

the regime with large number of usefs: > n), this

. .- ... _As a result, the new load in a servércan be achieved

term is negligible and the convergence rate coincides ~. r N .
: X . . and is denoted as(; (t). Note that for simplicity, arrival
with the scenario where perfect information about the ¢

system load are available to the users, and departure processes are in the beginning of the super

2) The use of estimated server loads in place of the trﬂg]e slot without loss of generality. Notatiod;(2k) =

server loads leads to small perturbations in the transition, (B;(2!) — C;(2l)) is used.

o . A st
probabilities of the Markov chain. We can limit its effect An open system with dynamic users is thus considered. We

:)hn tlhe convergence time using concentration boundsa@sume that all users implement the randomized local search
€ largem regime. mechanism in Algorithm 1. Lef\/(¢) denote the number of

3) If we sete = 2 S . ;
m’ users in the system at tinte We have
E[®(X(T))] = O(n),

E[T] < max {nlog4m2 + (%)% , (7’;—%3 1og4n2m2) %} o EM@)=[ME-1)+Al-1)] - Z & (Xj(t))

potential function scales a



We analyze the load information of each server. For servere When the arrival procesgl(t) is discrete Weibull dis-

1 andj, it can be seen that tribution [7], the re!iability function is given byA(t) =
F Pr{A(t) > a} = ¢*", whereq € [0, 1] andk is the shape
E[X: (2k + 1)] .
JF— {X,(2k), X;(2k + 1), Zi(2k)} = parameter. We observe that we can allow for heavy-tailed
X (2k) ' processegk < 1) and yet achieve rapid convergence to

approximate Nash equilibrium as long as the departure
process is also heavy taifed

5 An overview of the proof techniques follow in section VII.
c) Notion of e-Nash equilibrium : We use a similar In a nutshell, we demonstrate that the arrival and departure

notion of e-Nash equilibrium for open systems, is the initial Processes lead to perturbations in the transition proitiabil

Xi(2k + 1) + Zi(2k) (1 — 7ar) + (M (£) — Zi(2k)) 22
X, (2k) + Z:(2k) '

number of users in the system. between the closed and the open system. We prove that the
Definition 2: An e-Nash equilibrium of the network is perturbations are small under the above conditions, so the
reached at time slat if dominant term of the potential function is the same as it is
in the closed system with an initial number of users. In
max ]Xf(t) _ Xf(t)\ < max {6ﬂ7 EM(t) } ) other words, the convergence time is not tremendouslytaffiec
v ' n n by the presence of arrival and departure processes. Rapid

Hence, under anr-Nash equilibrium, the potential functionconvergence is feasible through distributed load balancin

satisfies
V. EXPERIMENTS

2
@ (X (1)) Smax{(;ﬂ)27(€]\;~[(t)) } A. Setup
" " Our objective is to simulate and analyze the excepted
B. Convergence Time Results convergence timé&[T| under differentn, m, 8 settings. So

the FCD algorithm is executed20 times for each setting
and averaged. For each execution, initial system loads are
generated randomly. The potential function is monitored to
) identify system convergence: If the potential function igler

Pr{‘M(t) B (1 o ) m‘ S n%mQW} < % (6) thethreshold: (c = 1), the system is known as load balanced.
n

Theorem 2 (Open System Convergence Time): In  open
system with initial load m and real time load M (t), if

n—1 As describe abovey andn are large enough angh > n?.
The exploration probability is set to decay polynomial with

the upper bound of expected convergence tim&[T] is ) . o .
time, i.e.y, = t—°. For the open system, we assume a uniform

4 2 1 .
E[T] < max { nlog 7; i (ﬁ) v arrival procefs whose support[ﬁsQK] and a departure rate of
€ 2 r<1- TTAmT Thus, K < m*,/vn. In this section, we
tT L. .
5 N . N assess the average performance of our distributed algorith
neL  AnT\T 4n~\” via computer simulation in MATLAB.
log ; log (7)
m3 €2 ems3 €2
B. Results
1
when § € [3,1] and m > n?. First, how the expected convergence tifgl’] of FCD
Remark 2: algorithm varies with different server numbetds evaluated

1) We demonstrate that rapid approximate load balanciiigFig 2a. We observe that the expected convergencelifie
is feasible in open systems under suitable conditioggows linearly with the number of servers In other words,
on the arrival and departure process and with a largenvergence time can be limited to an acceptable quantity as
number of initial users in the system (i:e. > n?) even |ong asn being small, which is promising in real systems.
under a load-oblivious allocation of the arriving users The relationship between decaying rate of exploration prob
to the servers. We allow for time-dependent arrivals arbility 5 and expected convergence tirfi¢7] is estimated
departures as long as no tremendous gap exists betwgeFig 2b. One can conclude that the slower the exploration
M(t) andm. probability decays, the slower the system converges. This
2) The constraint in (6) on the arrival process impliemeans that the switching cost is rather high since users have
that the numbers of arrivals and departures are mageswitch over to observe and predict the load ratio. Rapdi an
stringently constrained as time proceeds. frequent exploration would make the predictidi(2k) more
Corollary 1: involved.
« For uniform and independent arrivals with fixed sup- Robustness of the algorithm is observed in Fig 2c. Obvi-
port [0,..., K] and uniform independent departures fKusly, the expected convergence tifig’] is not sensitive to
a uniform rate ofv at all the servers in each time slotUSe’ Populationn, which is good news to large scale user

we can have rapid convergenceif < m?,/y;n and

<1 SProbability density function for Weibull distribution cllibe accessed
r<1-

1
Tz from Wikipedia http://en.wikipedia.org/wiki/Weibullistribution
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Fig. 2: Expected convergence time evaluation under diffiesettings.

systems. However, since the expected convergenceRjfit not synchronized. Howevep,; (X;(2k), X;(2k + 1)) is user-
is bounded by Eqn. (7), the convergence progress would dréented probability based on the observations of user

slow when user populatiom becomes extremely large. More precisely, p;; (X;(2k), X;(2k + 1)) is equivalent to
pi; (Ya(2k),Y,(2k + 1)). Obviously, synchronization is not
VI. PERFORMANCEANALYSIS FOR CLOSED SYSTEMS necessary in this distributed system. O
A. Transition Probability Remark 3:No global clock is needed to synchronize the

system. Users need no global knowledge of user number in

. the system as well.
TABLE llI: Frequently Used Notation table 2 4

Notation __Explanation _ B. Potential Function Threshold

je At {i:x0) <Xt (1-224)} _ ) _ _ .

jeBit) JiXalt) (1 20) < X500 < Xi(0)} The potential functio® (X (t)) is nothing but un-normalized

i) {,_X.(t) < Xi(t) < Xalt) } variance att, however transition probability is selected by

7E JrA =AW S comparingX; (t — 1) (= X,(2k)) and X;(t)(= X;(2k + 1)).

j € Ds(t) {j D XG(t) > 1’7(7‘7521 } To manipulate this contradiction, we first estimate aldonit
n—1

performance assuming knowledge &f (¢t — 1)(= X, (2k)),
and then derive the perturbation in convergence tiheith
knowledge of X;(t)(= X;(2k + 1)) only. Notations are
explained in Table Il

Observation 1:Expected load on servérunder the condi-

1: For any servers, j.

Proposition 2: In the super time slo{2k — 2k + 1}, the
transition probabilityp;; (X;(2k), X;(2k + 1)) is given by

0, HI(2k),j # i tion that the last state of the networkasis
1(1-Hean), MI(2k),j # i E[X;(2k + 2)| X (2k) = 2] <
o LI(2k),j #i n
_ n—17 z ! 2
Pij = X, (2k+1) 2k Ty — T2k Ty + Tj.
1 - AZ %(1_ X (2h) ) ;n_l ZGAX:(%)n_l
JEBI(2k) I#i '
- 2 j=i.
e s n-1’ Proof Ideas: It is known thatE[X;(2k + 2)| X (2k) = z] =

8 - . i FUting .
where 7 (2k), MU (2k), Z2(2k), Ay(2k), Bi(2k) mean Eh;t l; iy _(a:)..So by simply substrfutlngzl,l €1,2,...,n,the |
these terms are based on the estimaﬂ%ﬂzk) = X;(2k+1), observation is proved. For detailed proof, refer to Appendi
instead of the true valuey; (2k). I 1. _ _ .

Proof:  The transition probability that userswitches from ~ OPservation 2:Variance of load on servef under the
serveri to serverj in a super time slot is nothing but condition that the last state of the networkaiss

. dze (1 - fy), i Var [X;(2k 4+ 2)| X (2k) = 2] <
’ (L= 2) + 251 =17 > R4 Y EEa - Y PEata
1eB; )| Jci(t) 1eDi(t) IEA; (t)

So equation (8) is obtained by plugging in backtracking

promgg“é;g E?‘Egzon 1()3)) " bability that Proof Ideas: It is known thatVar [X;(2k + 2)|X (2k) = z]
Dij (Xs , X2k + is the probability that usea =~

who resides in server switches to servey during 2k — z; zipii (2) (1 = pus (2)). Utilizing the facts thapp; < 1

2k + 1 slots. For users in servei, there are usersandl — p; < 1, we get the upper bound. For detailed proof,
whose local exploration and backtracking time slots arefer to Appendix Il [1].



According to the observations, a recursive relationshfven in the worst case thatb(X(0)) = m?, ie.
between the potential functions at consecutive time siots E[®(X (2t))] = (1 — )" m2,
achieved in Proposition 3.

m 1 ﬁ
Proposition 3: Given vy, = % >~ vak(a), potential func- t = (g) 74 IIOg e
a=1 o n
tion satisfies & n-1
9 9 o can guarante& [® (X (2t))] < i;’f.
E[®(X (2k+2))] < (%) {(’;2: — 1) + (1 - %) n?  So there must be ar satisfying 7 <
e n max{ %)% +nlo ﬁ} such thatE[® (X (27 +1))] <
a2 o ) (1 - ) e(xen), o (3)7 +nlog s [ (X @r+ D)
4n?
if perturbation betweemin o, (a) andmax o (a) is small. The lemma is proved. O

Remark 5:As long as uset’s exploration decaying ratg@
is in the feasible region, lemma 2 holds. We allow for differe
G's for different users.
. Overall, we have proved that, according to our proposed
(B[X: (2K + 2)| X (2K)])? + 3. Var[X;(2k + 2)| X (2k)], algorithm anc-Nash equilibrium is rleached within an expected
1 =1 convergence tim%nlog n? (ﬂ)_} We can see that as

2
SOE[®(X (2k +2))| X (2k) = 2] can be obtained by p|ug(‘:]mgdecreases i.e., a more stringent load balancing critegon

in above observations. Knowing that(X(2k) = z) — ImPosed, the convergence is slower.

n

Z(% — )%, the relation betweerE[®(X (2k + 2))] and . perturbation Guarantees

‘I’(X(Qk)) is achieved. Note that even whefy(a) are  Analysis in Section VI-B are based n; (X, (2k), X;(2k)),
different for different users: € 1,2,...,m, the proposition puyt we only have access tdX;(2k) and X; (gk + 1).
still holds if o, = + Z yar(a) and perturbatmn betweenWe now provide guarantees on the perturbatlon between
. . Pij (Xl(2k),X7(2k + 1)) andpij (XZ(2]€),X7 (Qk))
Hhmw’?(a) and maxw’“( ) 's small. Detailed proof can be Proposition 4: Perturbations in transition probability de-
found in Appendlx IV 1] cays exponentially withm:

We now apply the inductive hypothesis to get an upper
bound of convergence time for our algorithm.

Lemma 1:A sufficient condition on the parametet for  Pr{|p;; (Xi(2k), X;(2k + 1)) — pi;j (X;(2k), X;(2k)) | > 6}

Proof Ideas: It is known that

E[®(X (2k + 2))| X (2k)] + nX~ <

o8

K3

system convergence i € [£, 1]. In this region, for allt’ < ¢, = g—2mé’
E[®(X (2t))] < (1 — 2)'E[®(X(0))] wheret > (2)7.
Proof:  Refer to appendix V [1]. o  Proof Ideas: Chernoff-Hoeffding bound.

Remark 4:Lemma 1 explains why we need polynomial Let us denoteb (X (2k + 2)) as the potential function with

decaying exploration rate. For instance, the potentiattion <nowledge ofX;(2k) and X;(2k + 1). Similarly, ®(X (2k +
will not be shrinking with time if we set the exploration2)) is the potential function with knowledge of;(2k) and
probability ase?. X, (2k). The perturbation between the two potential functions

is analyzed below.
Lemma 3:If perturbation in transition probabilityy <

727’;—7”2 then the potential function has negligible pertur-

€2m2 . .. . .
]EEl[‘I’](X (27))] < Sz in the sufficient feasible regio¥ € pation and satisfies proposition 3, lemma 1 and lemma 2.
=, 1.
2’
Proof: It is important to see that the system isdiNash

eguilibrium if potential function is smaller than or equal t

We can now provide an upper bound on convergence time.
Lemma 2:There is ar < {nloge—z + (%) } such that

However, whery = 4/ 72’””2 ,t < (:1—?; log %4) Tis required
for e-Nash equilibrium.
Proof Ideas: On one hand, if the perturbation be-

_ 2 tweenp;; (X;(2k), X;(2k + 1)) and p;; (X;(2k), X;(2k)) is
Obviously, forT < max {”10g T+ (5)7 } either there  smaji(which is of hlgh probability), the domlnant term in
is aE[®(X (27))] < 64212 orthere is & [® (X (27))] > imj, potential function has not changed. As a result, the ex-

In the case of the potential function being smaller thapected convergence time is not changed. On the other hand,

em’ we already reached anNash equilibrium based onif the perturbation betweem;; (X;(2k), X;(2k +1)) and

Definition 1. pij (X;(2k), X;(2k)) is Iarge(whlch is hlgh unlikely), some

In the other case, we take= 7, then extra timet < Z_i logiL for convergence is needed.

. Detailed proof can be found in Appendix VI [1].
E[®(X(2))] < (1 - 1) ®(X(0)) . With lemma 2 and 3 at hand, theorem 1 is proved.




VIl. PERFORMANCEANALYSIS FOR OPEN SYSTEMS which choose an efficient equilibrium and can we provide

prove that there is only negligible perturbation betweefill not only deepen our understanding but also have impact
i (Xi(2k), X;(2k + 1)) andpf; (XF (2k), XF(2k + 1)) un- ON designing efficient resource allocation mechanismsaih re
2. 7 ’ . 1) 1 Y ¥
n systems.
der certain constraints oA(¢) and Y C;(t). Secondly, it is Y

shown that convergence time perztG}bation between open and APPENDIX

closed system is small. . Proof of Proposition 1

A. Small perturbation of transition probability Proof:  Consider a simple example of = 2 servers in a
Guarantees on the perturbation betweestiper time slot. At = 2k, assume without loss of generality

pij (Xi(2k), X;(2k + 1)) and pf (XF(2k), XF(2k + 1)) is thatX,(2k) > X,(2k). At the exploration slot = 2k+1 with

given in this subsection. exploration probabilityys, the expected number of users is

Proposition 5: Perturbations in transition probability de-thus
cays exponentially in\/:

E[X1(2k+1)] = X1(2k)(1 — v2r) + X2(2k) 72k
Prillpi (X:(28), X;(2k + 1)) E[Xa(2k+1)] = Xa(2K)(1 — 7o) + X1(2K) 0k
ij
—pf; (XZ-F(2I<:),XJF(2I< + 1))‘ > 5} Under the assumption that< o5 < % it is apparent that
- mY2k E[X;(2k+1 E[Xs5 (2k+1)].
< P ZJ (2k) + n—1 > n6 + n2672M(2k)52. [ 1( + )] > [ 2 ( + )]

=4t U Xi(2k) + Zi(2k)

On one hand, each usewho switched from server 1 to server
2 experiences lighter load and switches back with proligbili

Proof Ideas: Chernoff-Hoeffding bound. Detailed proof can, ~
be found in Appendix VII [1]. fo1 := f(X1(2k), X2(2k 4+ 1), v21). On the other hand, each

userb who switched from server 2 to server 1 experiences
B. Small perturbation of potential function heavier load and hence, switches back with probability 1.

Let us denote&)(XF(Zk +2)) as the potential function At t = 2k 4 2, the expected load in each server is thus
with knowledge of X;"(2k) and X;"(2k + 1). Similarly, E[X1(2k 4 2)] = X1 (2k)[1 = 7au(1 — for)] + mayar(1 — f12)

®(X(2k + 2)) is the potential function with knowledge of _ _ _ _
X;(2k) and X;(2k + 1). The perturbation between the twol (X2 (2 + 2)] = Xo (k)1 = 72(1 = fio)] + mayan(l = f1)

potential functions is analyzed below. where f15 = 1.

Lemma 4:1f perturbation in transition probabilityy < In order to ensure fast convergencectblash equilibrium,
\/727’3—2”2, potential function has negligible perturbation and is intuitive to have the expected loads in the two servers
satisfies proposition 3, lemma 1 and lemma 2. However, whtbe balanced after each round of the algorithm, i.e.,reetti

§ = yJrmm < (Z_i log ti;) 7 is required fore-Nash E[X1(2k +2)] = E[X>(2k + 2)], we obtain
equilibrium. o =1 1 1 Xo(2k)
T X1(2k))

Proof Ideas: Proof idea is the same as it is in lemma 3. 291,
h Extend ton-server scenario. In order for rapid convergence,

Detailed proof can be found in Appendix VIII [1].
Therefore, we can conclude that our algorithm is robust wit ; o : i

the small amount of arrival and departure users in the systefif Packtracking probability can be achieved by settingi loa

balance of the next time slotf;; (X;(2k), X;(2k)) is as

VIII. CONCLUSION follows:
In this paper, we undertook a careful analysis of the { max{l— 1 (1_ X, (2k)

convergence rate of randomized local search mechanism jp;; ny2k XT:(%)) ’O}’Xj (2k) < X;(2F)
load balancing in large closed and open systems. Our resulits X; (2k) = X; (2k)

demonstrate that simple mechanisms can achieve rapid (ifnfh that th lorati babilit s the diordi
vergence to an approximate load balanced state. Moreo € case that the exploration probability meets the '

I n—1 B . . H
we demonstrate the robustness of randomized local seaﬁﬁto < ek < 5 fii (Xi(2k), X;(2k)) is

to inaccurate server load measurements, user dynamics and 1 H (2k)
decaying explorations by the users. Our study paves way to a ’ v
number of interesting questions. To what extent, can we have Tii Py X, (2k) ) i
noise in the server load measurements? Can we extend our 0, L‘{(%)

analysis to the case with variable server quality of service
possibly in a user-dependent manner? In this case, there at#ile in the case that the exploration probability meets the
multiple Nash equilibria. Is it possible to design mecharsis condition that®=1 < o, < 1, fj; (Xi(2k), X;(2k)) is
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Observation 2 Variance of load on serveir under the
condition that the last state of the networkazids

Var [X;(2k + 2)|X (2k) = «]

n— i (2k
poo e (), e <xen
" 1, X; (2k) > X; (2k)

In order for f;; < 1, the exploration probability should be < > Lho + Y BEo - Y Photoa
n— X]‘ k i i i i
ok > % whereX; (2k) < X;(2k). 1eB; )| Jci(t) 1D (t) leA;(t)
It is reasonable to assume that o, < 2. i Proof:

- Estimation of X; (2) Var [X(2k + 2)|X (2k) = 2] = i s () (1— pig (2)

Since
I <Y EHwm—z)+ X Wi’“
BLX, (26 + 1) = X, (2R~ 28) + (m — X (2k)) 22 160" o “
. | toi|1- ¥ L(1-2)
it is easy to obtain 1€B;(t) ‘ leA "
m < Z 7’;’31@1 X, — % 75 ok 7’1731@1 x|
Xj(Qk) [ (2k + 1)] - 121k ' leBi(t)UCi(t) leAl( ) 1=5= leD (t)
1 — 22k ;
n—1 +x;
Now the problem is that user populatienis not known to < > ! —|—l %: 22k gy — l ;t D2y 4
each user in distributed systems. However, an asymptiytical esmyen €D () eA:(®)
unbiased estimatior» = n.X,;(2k + 1) can be employed to |
solve this problem. Il. Proof of Proposition 3
( ) X (35;1)] Proof:  Since
Xj(2 = X;(2k+1). E[®(X (2k + 2))| X (2k)] + nX (2k)2

I1l. Proofs of Observations

2 . .
We need the following observation to estimate the potent|a1’ Z( [Xi(2k + 2)[ X (2K)])" + Z; Var[X;(2k + 2)|X (2k)]

function of the system in order to assess the convergence of

it e can derive the structure &[®(X (2k + 2))| X (2k) = z]
Observation 1 Expected load on server under the as follows:
condition that the last state of the networkaiss E[®(X (2k + 2))| X (2k) = ] + nz?
_ Y2k 272k
E[X;(2k+2)|X (2k) = «] Z - lzvl—l AZ% p— 1xl—|—xi. e 2
l;ﬁl €A;(2k) S Z Z ,,;Yikl (1 _ %) Ti— Z i’)?k ]
i=1 | I=1 leAi(t)
Proof: 1£i
+ SR T — 2ok g b 40T
E[X;(2k +2)|X (2k) = 2] = Z xipi () 1:21 {E:l n—1* le%(t) n-l l}
= T (1 — + xy 2 ow, focus on estimatin these three terms:
711 1 Jak N f imating th h
1€C;(t) leD;(t) n n n
x|, z; | and T; z; |.
4z |[1- Y 2 (1 - fc—l) - > I z; <ze§;(t) l) ;:1 ze,%(t) l) z; le%(t) l)
1€B;(t) leAq(t) The upper bound of these three items are as follows:
= X fwm-z)+ X Em- Y rita )
1eB; )| Jci(r) 1eDi(t) leAi(t) n n
< ¥ tlau-a(l-m))+ ¥ o2 DY > gi(1_nm) w
1EB; (1) Uci(t) 1€D;(t) =1\ Ly <a; (1- 222k ) i=1
- Z ’Yik n + 'rZ n
et " wflk 2) > > x| 2n (1 - ’j%f) T
= - %«Tl _ Z 2’)’2k k) + i=1 l:mlﬁmi(l_t:ff)
=1 lEA»;(t) n n
7 B (= 2wz (1)
O i=1 Lz <z;(1— T:jflk) i=1




Note that even foryox (a) being different for different users
a, these inequalities still hold givey, = = 3 y2x(a) and
a=1

main ok (a) =~ max yzj (a).

= E[®(X (2k + 2))| X (2k) = 7]

2 2
n—1 n 2 n—1 n
< (o) e (1) e e (o) (1 ) |

2 n 5
Y2k
(22)" a3

i=1

n—1 n—1 Y2k

2 2
+(M) [n —2n? +2n27;1 4n?(1 —M)—("—_l) n}

4 {’sznz _ 2nv0k (1 _ n’m) 4n— ’szn} T

n—1 n—1 n—1

9)
Now we focus on estimating the upper bound of
E[®(X (2k + 2)| X (2k) = z)]. We can incorporat® (X (2k))
into equation (9).

= E[®(X (2k + 2))| X (2k) = 2]

< ()"l (o)
o=l 1) (1- 222 [ @(X (2k) = x)

2
n—-1 _ — N2k 2 _ n-1 _ — N2k
o) (1) o (o) (1o 5

e
|

Y2k

2 2
2 -1 2 -1 —2
+n —2n—|—2n%—4n—|—4n %_(n ):|(V2k1) nT

n—1 n—1

4 [’sznz _ 2nvy9k (1 _ n’sz) +n— ’Yzwll} T
(10)

When® (X (2k)) small,the dominant terms in equation (10)

are the second and the third ones, the system is already

in converged state. However, wheh (X (2

dominant term is
sece -2 < ()| (35 -1) o (1)

4 (ZZJ - 1) (1 - %)} B(X (2k)).

k)) grows, the

in: ~Yor.(a) if Inln’}/gk( ) ~ maxvgk( ). In

other words, proposmon holds even for users with différen
vax(a)’s as long as they perturbations are small. |

Note o, =

IV. Proof of Lemma 1

Proof:
1) First let us derive a sufficient region off in
m

% ;1 Ye(a).

which convergence is feasibley, =

11

Denote Q(t) = {("%1 - 1)2 + (1 _ %)2712
(1)
enough number, ang; =
Q) =1-
—(m= +2)¢
With the fact thaff[® (X (2¢t+2))] < Q(t)E[®(X (2t))],
E[@(X(21))]

n
1

S4-F +
38 4t 4@

2
g ﬁl) . Sincen is a large

Z+i+1)t

< QE[®(X (2t — 2))]

< TL[1+7726 — 47 P) () =~
(1 — )2 | E[@(X(0))]

8(6 — 4r—P)2

The sufficient region ofs should satisfy
0<Q(t) <1orlogQt) <0 (11)

According to [5, Theorem 3.2]:
the following results hold:
a) Forﬁ = 0: recall from Proposition 1 thdt < ~; <
n_l 3 =0 is not feasible.

b) Forﬁ 1,4,4, 0or 11 9 <1 holds.
c) Ford>0andg # 1,1, 3, ;: feasible values of

satisfy Equation (12).

log [ Q(r)

T=1
<tlog{1+( +441) [+ 2

5+ 4 o)
_%[ +€5)+O(tﬁ1)}
~ (s +2) [ + S+ 0|}

(12)
are difficult to obtain. Still we can derive some
sufficient regions wherg sat|sf|es Equatlon (12).
The dominant terms aré— 21— 5 + 10 ff; we
canseethatit1l < 1-24 <0, then the decaying
condition satisfies. Which means th§t< 8<1
is a sufficient region for convergence.

From (a), (b) and (¢), a sufficient condition org for
convergence i € [1,1].

+0(t2)]

46

<0

2) Now, under the condition that the decaying condition on

8 (Equation (11))is satisfied, the following result holds
according to Jensen’s inequality.
14053404

logT]jlﬂ( )tlog [ — &2 (1- t*ﬁ)z] :

t
That meanslog [] Q(7) < (tlog (1 — 1)) holds un-
T=1

der that condition that > (%)

Q=
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So, ) In case of large perturbation, we needd to be higher
E[®(X(26)] < (1 — ﬁ)tE[(I)(X(O)]. in order to reduce the probability of bad evetA). When

§ = /am,
holds at least under the condition th%\tg 8 <1andt >
(5)" E [8 (X(2h +2))[X(28) = 2,A] P(3) < 52
Additionally, the fact thats € [0.5,1] leads to system . L
convergence implies that it's subséta) € [0.5,1] leads to 'S safisfied if

system convergence as well. In a nutshell, < main Yi(a) < t < (n_?; log %) B ' (16)

maxy(a) < t~%% is a sufficient condition for the potential €

function shrinking with time. o =
V. Proof for Lemma 3 VI. Proof of Proposition 5

Proof:  DenoteA as the event of large perturbation, i.e., Proof:  Thanks to Chernoff-Hoeffding bound, we know that

X;(2k) — E[X;(2k _ 2
A= Ul (60200 X521 = iy 05420, 2801 >, P (B S o) cemmand )
and the event of small perturbation is This means thatE[X,(2k)] can accurately represent real
X, (2k) with a high probability.
m lpij (X X;(2k +1))—pij (Xi(2k), X;(2k)) | < 0. Also according to Equation (17) ,
Accordlng to basic theory of probability, the following faula Pr { }pf; (Xl.F(Qk;)’ Xf(2k + 1))
holds: —E [pf, (XF(2k), XF 2k + 1))]| > 6} a8
o _ pp { KCR-EXG @RI 5 XF(2kn
E {@(i{(% + 2))|X(2k)} - Pr{ M(2k) >0 M (2k) }
—E [@(X(zk +2)) X (2k), A} P(A) . < e 2MER?
+E [‘f)(X(%‘f‘ 2))|X(2k)7AC} P(AY) Note that in equation (18), after round of exploration and
_ backtracking, there won’t be sparsity in any of the servadi)
In the case of small perturbatiok, thus the equation is achieved.

‘]E [@ X(2 + 2))| X (2k) x} R [B(X (2K + 2))[ X (2k) = x]‘ If concentration holds, the following result holds as well:

+E[®(X (2k + 2))| X (2k) = 2|
Pr{|pf (X[ (2k), XJ (2k + 1)) — pij (Xi(2k), X;(2k + 1))| > 6}

‘ (27%— Yok nnzl Z6 +n2S +n?s?
E[®(X (2k + 2))| X (2k)
+E [2(X (2K +2))|X (25)] azy =< Prilpy —Epjl| > o} + Pr{|[E[p] - pij| > 3}
The dominant term in eg_uation (13) is siIEI2[<I>(X(2k +2)) < Pr{|p, — Ep5]| > 6} + o—2M(28)5? 19
| X (2k)] under the condition that < |/ 2k, ‘
In other words, Furthermore,
[E@(X (2% +2) — E(@(X(2k +2)))| + E[®(X(2k +2)) Pr{|pi; — Elpf]| > o}
2
— nysk ) 2 ,
< () (32 -1)"+ (- 0) ) (1] X001

(2o 1) (1- )] e(x k)
X;(2k + 1) + Z;(2k) (1 — yar) + (M(t) — Z;(2k)) ;24

still holds under the condition that< /22

-4

According to lemma 1 and 2, an upper bound of expected Xi(2k) + Zi(2k)
convergence time is achieved. The concentration bound al 2k +1 Z;(2k) + ma .
holds as well: %(8 U200 T X2k ) )
) n X,(2k) + Z:(2k) X, (2k)
E[T] < nlog 2% ¢ (5) (14)
nlog 1~ (M
- & €2 2

T

Z;(2k) + T2
{‘ Xi(2k)
(a) holds because of the system model analysis; (b) is aathiev
in the sufficient region ofs € [1,1] andm > n?. by utilizing the asymptotic unbiased estimation f(2k) =

Pr{‘(l) (X(T)) - 6247”—7;‘ > mH} <e % (15) !
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m+nZ;(2k). Equation (19) and (20) lead to the union bound;(2k),¢ € {1,2,...,n} such that

of transition probability perturbation.
Pr {U pij (X3 (2k), X5 (2k + 1)) — pij (Xi(2k), X;(2k + 1)) > 5}F

U

Pr{

3

Z;(2k) + mazk

n—1

X, (2K)

<

2
> né} 1 p2e2M(2k)8

The proposition is proved.

VII. Proof of Lemma 4

(A

Z;(2k) + 75 oM (2k)8?
) S Pr U ’T]{j)l > n6 + n2€ 2AI(2]€)5
)
Z;(2k) + ’Z?{“ 2 —2em§?
S PI‘ U W n6 + n-e n

ij

62

< e

thene-Nash equilibrium is achieved.

So, under the conditions that

Proof:  DenoteA as the event of large perturbation, i.e., N 2
2k —_1 9
A Pr{‘M(Zk)—(l—n_l)m‘>n im 72k}§m,
(21)
and .
e (2 10g Y7 22
15 (Xi(28), X, (2 + 1)) — piy (Xe(2K), X, (2K + 1)) | > 6 S \aw s (22)
ij
an e-Nash equilibrium is obtained.
ﬂ {M(t) 2 %}’ . ) . Z;(2k)+ 222k
Equation (21) is due tdPr U W >ndp <
and the event of small perturbation is . . ? . . .
P 1=, While equation (22) is achieved by imposing
m 2
AC — n2e—2em6? < .

(1]

{m pi; (Xi(2k), X;(2k + 1)) — pij (X:(2k), X;(2k + 1)) | < 5}
ij [2]

U{ '

According to basic theory of probability, the following faula
holds:

M(t) < %
3]
4]

E [ci(XF(zk + 2))|X(2k)}

—E [6(XF(2k +2)) X (2k), A} P(A)

B [S(XF (2K +2))|X (2k), AC| P(A°).

[5]
(6]

(7]
In case of small perturbatiom\®, it is obvious that

the dominant term inE {@(XF(2I<:+2))|X(2I<:)} is still
E[®(X (2k +2))|X (2k)] as long asd < /227 Thus [9]

lemma 1 and 2 are satisfied.

In case of large perturbation, we needs to be larger [10]
in order to reduce the probability of bad evetA). When

m?2
5 = \/ 72;23 )

E [@(XF(zk +2))|X (2k) = =, A] P(A)

[11]

2 max {m, M (2k)}*

= 4n? x2]

is required fore-Nash equilibrium.
It is known thatE {@(XF(% +2))|X (2k) = z, A} P(A) < 13

M(2k)2P(A). As a result, if we could restrict on

8] E. Even-Dar and Y. Mansour.
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