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Abstract

We consider the problem of training input-output recurmeetiral networks (RNN) for sequence labeling tasks.
We propose a novel spectral approach for learning the nktparameters. It is based on decomposition of the
cross-moment tensor between the output and a non-lingaforanation of the input, based on score functions. We
guarantee consistent learning with polynomial sample amdpeitational complexity under transparent conditions
such as non-degeneracy of model parameters, polynomightiahs for the neurons, and a Markovian evolution of
the input sequence. We also extend our results to Bidireati@NN which uses both previous and future information
to output the label at each time point, and is employed in niNioy tasks such as POS tagging.

Keywords: Recurrent neural networks, sequence labeling, specttthlads, score function.

1 Introduction

Learning with sequential data is widely encountered in dassuch as natural language processing, genomics, speech
recognition, video processing, financial time series aig)yand so on. Recurrent neural networks (RNN) are a flexible
class of sequential models which can memorize past infeomgand selectively pass it on across sequence steps on
multiple scales. However, training RNNs is challenging iagtice, and backpropagation suffers from exploding and
vanishing gradients as the length of the training sequeno@sy To overcome this, either RNNs are trained over
short sequences or incorporate more complex architectudsas long short-term memories (LSTM). For a detailed
overview of RNNs, see [1]. Figufé 1 contrasts the RNN withedferward neural network which has no memory.

On the theoretical front, understanding of RNNs is at bedinentary. With the current techniques, it is not
tractable to analyze the highly non-linear state evolutidRNNs. Analysis of backpropagation is also intractable du
to non-convexity of the loss function, and in general, réaglhe global optimum is hard. Here, we take the first steps
towards addressing these challenging issues.

We consider the class of input-output RNN or IO-RNN modelsere each input in the sequengéehas an output
labely;. These are useful for sequence labeling tasks, which hag applications such as parts of speech (POS)
tagging and named-entity recognition (NER) in NLIP [2], mditiding in protein analysid [3], action recognition in
videos [4], and so on.

In addition, we also consider an extension of IO-RNN, vize, bi-directional RNN or BRNN, first proposed by [5].
This includes two classes of hidden neurons: the first ckssives recurrent connection from previous states, and the
second class receives it from next steps. See Figure 1(d)}NBR useful in NLP tasks such as POS tagging, where
both previous and next words in a sentence have an effecbetlirig the current word.

In this paper, we develop novel spectral methods for trgin®d-RNN and BRNN models. Spectral methods
have previously been employed for unsupervised learnimgrahge of latent variable models such as hidden Markov
models (HMM), topic models, network community models, an@s [6]. The idea is to decompose moment matrices
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Figure 1:Graphical representation of a Neural Network (NN) versumant-Output Recurrent Neural Network (I0-RNN) and a
Bidirectional Recurrent Neural Network (BRNN)

and tensors using computationally efficient algorithmse Técovered components of the tensor decomposition yield
consistent estimates of the model parameters. Howevergatdipplication of these techniques is ruled out due to
non-linearity of the activations in the RNN.

Recently, Janzamin et al.| [7] derived a new framework faning input-output models in the supervised frame-
work. It is based on spectral decomposition of moment tengistained after certain non-linear transformations of
the input. These non-linear transformations take the fofracore functionswhich depend on generative models
of the input. This provides a new approach for transferringegative information, obtained through unsupervised
learning, into discriminative training on labeled samplBased on the aforementioned approach, Janzamin &t al. [8]
provided guaranteed risk bounds for training two-layedfesvard neural network models with polynomial sample
and computational bounds. The conditions for obtainingifiebounds are mild: a small approximation error for the
target function under the given class of neural networkgreegative input model with a continuous distribution, and
general sigmoidal activations at the neurons.

In this paper, we consider new spectral approaches foriniaif©-RNNs in both classification and regression
settings. The previous score function approach for trgif@edforward networks (as described above) does not im-
mediately extend, and there are some non-trivial challen@eNon-linearity in a RNN is propagated along multiple
steps in the sequence, while in the two-layer feedforwatadark, non-linearity is applied only once to the input. It
is not immediately clear on how to “untangle” all these nineérities and obtain guaranteed estimates of the network
weights. (ii) Learning bidirectional RNNs is even more d¢bagjing since recursive non-linearities are applied irhbot
the directions, and (iii) Assumption of i.i.d. input and put training samples is no longer applicable, and analyzing
concentration bounds for samples generated from a RNN withlimear state evolution is challenging. We address
all these challenges concretely in this paper.

1.1 Summary of Results

Our main contributions are: (i) novel approaches for tragninput-output RNN and bidirectional RNN models us-
ing tensor decomposition methods, (ii) guaranteed regosEnetwork parameters with polynomial computational
and sample complexity, and (iii) transparent conditionssiaccessful recovery based on non-degeneracy of model
parameters and bounded evolution of hidden states.

Score function transformations: Training input-output neural networks under arbitraryuhjs computationally
hard. On the other hand, we show that training becomes bledtarough spectral methods when the input is generated
from a probabilistic model on a continuous state space. Phj®er can be considered as study of what it takes
to uncover the nonlinear dynamics in the system. Since ilegrander arbitrary input is extremely challenging,
we seek to discover under what functions/information of itiput the problem becomes tractable. Although this
differs from usual approach in training IO-RNNSs, this is amising first step towards demystifying these widely-
used models. We show that with some knowledge of the inptrildision, we can solve the extremely hard problem
of training nonlinear I0-RNNs. We assume knowledge of sdaretion forms, which correspond to normalized



derivatives of the input probability density function (#)d For instance, if the input is standard Gaussian, score
functions are given by the Hermite polynomials. There areaynamsupervised approaches for estimating the score
function efficiently, see AppendixE.1. To estimate the edanction, one does not need to estimate the density, and
this distinction is especially crucial for models where tleemalizing constant or thegartition functionis intractable

to compute. Guarantees have been derived for estimatirrg $aonctions of many flexible model classes such as

infinite dimensional exponential families [9]. In additidn many settings, we have control over designing the input

distribution and our method is directly applicable.

In this work, we assume a Markovian model for the input seqaén,, ..., x,,} on a continuous state space, e.g.,
autoregressive process of order one or their kernel copentsr[10]. For a Markovian model, the score function only
depends on the Markov kernel, and has a compact representati seen in Sectién 2.4.

Tensor decomposition:We form cross-moments between the output label and scocntidms of the input. For
a vector input, the first order score function is a vectorpadoorder is a matrix, and higher orders corresponds to
tensors. Hence, the empirical moments are tensors, and tfia@mea CP tensor decomposition to obtain the rank-
1 components. Efficient algorithms for tensor decompositiave been proposed before, based on simple iterative
updates such as tensor power method [6]. After some simphgpmiations on the components, we provide estimates
of the network parameters of RNN models. The overall alpariinvolves simple linear and multilinear steps, is
embarrassingly parallel, and is practical to implemen}.[11

Recovery guaranteesWe guarantee consistent recovery under (a low order) patjg@and computational com-
plexity. We consider the realizable setting when sampleganerated by a IO-RNN or a BRNN under the following
transparent conditions: (i) one hidden layer of neurons w&ipolynomial activation function, (ii) Markovian input
sequence, (iii) full rank weight matrices on input, hidderd autput layers, and (iv) spectral norm bounds on the
weight matrices to ensure bounded state evolution.

Currently, the question of approximation bounds by a RNNwaitfixed number of neurons is not satisfactorily
resolved|[12] and it is valid to first consider the realizead®tting for this complex problem. The polynomial activa-
tions are a departure from the usual sigmoidal units, byt ta@ also capture non-linear signal evolution, and have
been employed in different applications, e.g., [18]) [1#he Markovian assumption on the input limits the extent
of dependence and allows us to derive concentration bowrdsuf empirical moments. The full rank conditions
on the weight matrices imply non-degeneracy in the neugkesentation: the weights for any two neurons cannot
linearly combine to generate the weight of another neurach$onditions have previously been derived for spectral
learning of HMMs and other latent variable models [6]. More it can be easily relaxed by considering higher order
moment tensors, and is relevant when we want to have moremethan the input dimension in our network. The
rank assumption on the output weight matrix implies a veotdput of sufficient dimensions, i.e., sufficient number
of output classes. This can be relaxed to a scalar outputigtad@ls are given in Appendix B.2.

The spectral norm condition on the weight matrices ariséisdranalysis of concentration bounds for the empirical
moments. Since we assume polynomial state evolution, mpportant to ensure bounded values of the hidden states,
and this entails a bound on the spectral norm of the weighticeat We employ concentration bounds for functions
of Markovian input from [[15]| 16] and combine it with matrix Ama’s inequality|[17] to obtain concentration of
empirical moment tensors. This implies learning RNNs withypomial sample complexity.

Related work: The following works are directly relevant to this papéa) Spectral approaches for sequence
learning: Previous guaranteed approaches for sequence learninty fomsts on the class of hidden Markov mod-
els (HMM). Anandkumar et all [6] provide a tensor decomposimethod for learning the parameters under non-
degeneracy conditions, similar to ours. This frameworkisreded to more general HMMs in [18]. While in a HMM,
the relationship between the hidden and observed variablebe modeled as a linear one, in a RNN it is non-linear.
However, in a I0-RNN, we have both inputs and outputs, andsh@elpful in handling the non-linearitie) Input-
output sequence modelsA rich set of models based on RNNs have been employed in pesaictia wide range of
applications. Lipton et all_[1] provides a nice overview loése various models. Balduzzi and Ghifaril[19] recently
apply physics based principles to design RNNs for stabijzjradients and getting better training error. However, a
rigorous analysis of these techniques is lacking.



2 Preliminaries

Let[n] :={1,2,...,n}, and(u, v) denote the inner product of vectarandv. For sequence of vectorszy, . . ., 2y,
we use the notation[n] to denote the whole sequence. For veetos*™ refers to elementwise:” power ofv. For
matrix C' € R?**, the j-th column is referred by’; or ¢;, j € [k], the ;" row is referred byC) or ¢, j € [d].
Throughout this papeﬁim) denotes then™ order derivative operator w.r.t. variahie

Tensor: A real m™ order tensorl € ®" R? is a member of the outer product of Euclidean sp&és The
different dimensions of the tensor are referred tonasles

Tensor Reshaping: 7> = Reshap€l}, vy, ..., v;) means thaf; is a tensor of orderthat is made by reshaping
tensorT; such that the first mode &, includes modes of; that are shown i, the second mode df, includes
modes ofl; that are shown i, and so on. For exampleT, is a tensor of ordes, 7, = Reshap€li, [1 2], 3, [4 5])
is a third order tensor, where its first mode is made by conediten of modesg, 2 of 77 and so on.

Tensor rank:A 3rd order tensol” € R4*4*4 s said to be rank-if it can be written in the formil” = w-a®bRc <
T(i,5,1) = w - a(i) - b(j) - ¢(l), where® represents theuter product anda, b, c € R? are unit vectors. A tensor
T € R¥*4xdjs said to have a CP (Candecomp/Parafank k if it can be (minimally) written as the sum éfrank-1
tensors

_ T = Zie[k] wia; @ b; @ ¢;,  w; € R, ag, by, c; € R Note thatv®? = v @ v ® v--- ® v, wherev is repeateg
times.

Definition 1 (Row-wise Kronecker product) For matricesA, B € R%**, theRow-wise Kronecker produet R4+
is defined as follows.

Leta™, b(" be rows ofA, B respectively. Rows of © B are of the formu(Y) @ b(*). Note that our definition is
different from usual definition of Khatri-Rao product whista column-wise Kronecker product.

Derivative: For functiong(z) : R? — R with vector inputr € R9, them-th order derivative w.r.t. variable is
denoted byw (™ g(xz) € ®™ R4 (which is am-th order tensor) such that

dg()

= ,
i1yenim 0%, 0Ty -+ - Oy,

[Vé’”)g(fﬂ)} iy im € [d].

Tensor as multilinear form: We view a tensofl’ € R%*4xd gg g multilinear form. Consider matricd¢;, <
RI*di [ € {1,2,3}. Then tensof (M, Mo, M3) € R% @ R @ R% is defined as

T(My, Mo, My)iyinig = Tjujags - Ma(jrin) - Ma(ja, iz) - Ma(js, is).
J1,j2,33€[d]

In particular, for vectors, v, w € R?, we havél

T(I,v,w) = Z vywT(,j5,1) € R,
J,l€ld]
which is a multilinear combination of the tensor mot#ibers. SimilarlyT'(u, v, w) € R is a multilinear combination
of the tensor entries, arill(1, I, w) € R**? is a linear combination of the tensor slices.

2.1 Problem Formulation
We consider a two-layer input-output RNN, that includeshiregression and classification settings:
Ely:|he] = Ag b,  hy = poly;(Arzs + Uhyi_1),

wherepoly,(-) denotes an element-wise polynomial of ordelhe input sequence consists of the vectors; <
R% h, € R, y, € R% and henced; € R 4= [J ¢ R¥*dn andA, € R4 >4, We can learn the parameters of

Compare with the matrix case where fof € R**?, we haveM (I,u) = Mu := 3¢ (g uj M(:,j) € R%.
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the model using our method. Our algorithm is called GLORERg@nteed Learning Of Recurrent nEural nEtworks)
and is shown in Algorithrial1.

Throughout the paper, we assume that the p.d.f. of the irgtence vanishes in the boundary (i.e., when any
coordinate of the input goes to infinity). This is also theuasgtion in [7]. We consider the case where input is a
geometrically ergodic Markov chain. Then in order to haveing and assure ergodicity for the output, we need to
impose additional constraints on the model.

2.2 Review of Score functions

As mentioned in the introduction, our method builds on théhoé introduced by Janzamin et al. [7] called FEAST
(Feature ExtrAction using Score function Tensors). Thd gbBEAST is to extract discriminative directions using the
cross-moment between the label and score function of irgadre function is the normalized (higher order) derivative
of p.d.f. of the input.

Let p(x) denote the joint probability density function of randomtaga: € R?. Janzamin et al. [7] denot®,, ()
as them™ order score function, given by

(m)
z p@)
Sm(z) = (1) —F"——2] 1
(0) = ()" =5 (1)
wherev{™ denotes then" order derivative operator w.r.t. variabite It can also be derived using the recursive form
Si(z) = =V logp(z), Sm(r) =—Sn-1(z) ® Vilogp(z) — VaSm_1(z). (2)

The importance of score function is that it provides a deérreaoperator. Janzamin et all [7] proved that the
cross-moment between the label and the score function afithe yields the information regarding derivative of the
label w.r.t. the input.

Theorem 1 (Yielding differential operators [7]) Letz € R9 be a random vector with joint density functipf).
Suppose then™ order score functiorS,, («) defined in(d) exists. Consider any continuously differentiable tensor
functionG(z) : R% — @" R%. Then, under some mild regularity conditions, we have

E[G(z) ® Sp(z)] = E [v;"ﬂc(x)] .

2.3 Score function form for RNN

We now extend the notion of score function to handle sequdat® with non i.i.d. samples. We denote the score
function at each time stepin the sequence aS,,(z[n],t), wherez[n] := z1,22,..., z,, and it is defined below.
Theorent ] can be readily modified to

Lemma 2 (Score function form for input sequence)For vector sequencen] = {z1, 22, ..., 2, }, letp(z1, 22, -+, 25)
andS,, (z[n], [n]) respectively denote the joint density function and theespondingn™ order score function. Then,
under some mild regularity conditions, for all continuopdifferentiable function& (21, 22, . . ., z,), we have

E[G(z1,22,.-,2n) ® Sm(z[n],t)] = E [VET)G(Z:[,ZQ, v Zn) ]

wherevg’t”) denotes then™ order derivative operator w.r.tz;,

V.p(z1,22,...,25)

Sm(z[n],t) = (=)™ p(21, 22, ..., 25)

®3)



2.4 Score function form for Markov chains

We assume a Markovian model for the input sequence, andedewivpact score function forms foi (3). Note that this
form can be readily expanded to higher-order Markov chains.

Lemma 3 (Score function form for first-order Markov Chains) Let the input sequencgr; };c,) be a first-order
Markov chain. The score function {B) simplifies as

Vi, [p(wit1]z:)p(zilzio1)]
p(iv1lzi)p(zilzi-1)
The proof follows the definition of first-order Markov chaindaEquation[(B).
Score function form for AR processesThe Gaussian AR-process is a special case of the Markov chain: we
haver; = ¢zy—1 + €, € ~ N(0,1), |#| < 1, where index represents the time and| < 1. For simplicity, we
have considered scalar the form can be easily extended to vector
The conditional distribution is given by |1, - -+, z¢—1 ~ N (dzs—1,1),t = 2,--- ,n, and [20]

Sm(z([n],i) = (=)™ (4)

i=j4+1li=j-1

1 1 - 2 . — .
p(zln]) = WMI/Q exp <_§x[n]TJx[n]) Sy = 14— ’ i :?’ i 1
0 o.w.

Expanding Equatiori {2) for any Gaussian AR process, we Hnate t
Si(a[n], [n]) = zn]"J,  Sw(zln], [n]) = Sm-1(z[n], [n]) @ (2[n] ") = Vi Sm-1(aln], [n]).

T1 — Px2 1=1
e,  Si(zn],[n])i=< —¢zic1+ 1+ ¢z —Prip1 i#£ Lin (5)

—Pxp_1 + T, i=n

3 Algorithm and Guarantees

In this paper, we have functions which map input sequence. . z;,, to an output sequenag, .. ., y,. By assuming

a structured form of function mapping in terms of IO-RNN, ve@diope to recover the function parameters efficiently.
We exploit the score function forms derived above to compattial derivatives of the output sequence.We first start
with some simple intuitions.

3.1 Preliminary insights

Generalized linear model: Before considering the RNN, consider a simple generalimat model with i.i.d. sam-
ples: E[y|zr] = AJ o(A;x), where A, is the weight matrix and-(-) is element-wise activation. Here, the partial
derivative ofE[y|x] w.r.t. z has a linear relationship with the weight matricksand A,, i.e.,

V.Elylz] = E[V,0(A12)] = A;E[U'(Ala:)]Al. (6a)
Ely ® S(2)] = V2E[yla] = Y AL @ AP © AP (6b)
i€dp,

The first partial derivative is obtained by forming the crossmentE[y ® S; ()], as given by Theorefd 1. The form
in (63) yieldsA; and A up to a linear transformation. But, by computing second odégivatives, we can recover
A and A,, up to scaling of their rows. The second order derivativethaform in [6b). The tensor decomposition
in [6] uniquely recoversi;, A5 up to scaling of rows, under full row rank assumptions.

Recovering input-output weight matrices in 10-RNN: The above intuition for GLM readily carries over to
IO-RNN. Recall that the IO-RNN has the form

Ely:|he] = Ag by,  hy = poly,(Arzy + Uhy_1),



Algorithm 1 GLOREE (Guaranteed Learning Of Recurrent nEural nEtwddesyector input and quadratic function
(General case shown in AIgoritHﬂl 3in AppendixIC.1).

input Labeled sample$§(z;,y;) : ¢ € [n]} from IO-RNN model in Figuréll.
1 Computean order score fUﬂCtIOﬁg( [n],4) of the input sequence as in Equatibh (4).
2: ComputeT =E [y; ® S2(x[n],7)]. The empirical average is over a single sequence.
3: {w, Ry, Ry, Rs} = tensor decompositid¢it’); see AppendikF.
4 Ay = Ry Ry = (R2 n Rg) /2.
5: Compute4th -order score functiof, (z[n], ) of the input sequence as in Equatibh (4).
6: ComputeTg I [y; ® Reshap@(Sy(z[n],t — 1), [1 2],[3 4])].
7. {w, Rl,Rg,R3} tensor decomposmcéﬂ“g) see AppendikTF.
8 U=R {Al ® Alr, (Rg + R3) /2. ® is row-wise Kronecker product as in Definitibh 1.

9: return Al, AQ,

wherepoly,; denotes any polynomial function of degree at niost

Suppose we have access to partial derivafiVesE|[y; |h;] andV2 E[y;|h,], then they have the same forms[ad (6a)
and [6b). This is becaude does not depend an._; givenz;, h;_;. Thus, the weight matriced, and A, can be
easily recovered by forminB[y; ® S2(z[n],t)], as given by[(B), and it has a compact form for Markovian iriput
(4). Note that this intuition holds for any non-linear elert&vise activation function, and we do not require it to be a
polynomial at this stage.

Recovering hidden state transition matrix in IO-RNN: Recovering the transition matriX is much more chal-
lenging since we do not have access to hidden state sequpric&hus, we cannot readily form partial derivatives of
the formV}®  E[y|h¢]. Moreover, the non-linearities get recursively propadateng the chain. Here, we provide
an algorithm that works for any polynomial activation functof fixed degreé.

The main idea is that we attempt to recovérby considering partial derivatives' [E[y:|h], i.e., how the
previous inputr; _; affects current outpuy,. At first glance, this appears complicated and indeed, thewsterms
are highly coupled and we do not have a nice CP tensor decdtiopderm as before. However, we can prove that
when the derivative order is sufficiently large, a nice CP tensor form emerges out, hisdit depends on the degree
[ of the polynomial activation.

For simplicity, we provide intuitions for the quadratici@etion function(l = 2). Now, y; is a degreetpolynomial
function ofz;_1, since the activation function is applied twice. By consicig fourth order derivativ&‘;tfl]E[tht],
many coupled terms vanish since they correspond to polyaldmictions of degree less than The surviving term
has a nice CP tensor form, and we can rec@Veifficiently from it. Note that this fourth order partial deaitive can
be computed efficiently using fourth order score functiod forming the cross-momefitly; ® S4(z[n],t — 1)]. The
precise algorithm is given in Algorithfd 1.

3.2 Training IO-RNNs

We now provide our algorithm for training I0-RNNs. In thisgea we consider vector output and polynomial activa-
tion functions of any ordelr > 2. For simplicity of notation, we first discuss the case fordya#ic activation function.
Our algorithm is called GLOREE (Guaranteed Learning Of Remt nEural nEtworks) and is shown in Algoritfih 1
for quadratic activation function. The general algorithna @nalysis foi > 2 is shown in AppendikCl1. For com-
pleteness, we handle the linear case in Appelndik E.3. Wecalser the case where outpyts a scalar (e.g. a binary
label) in AppendiXER.

Now, we consider an RNN with quadratic activation functionl aector output. Let

Ely:|hi] = A;hu hy = poly,(Arxy + Uhy—1),

wherez; € R h, € R% gy, € R% andA; € R%»*% 7 ¢ Réxdn A, € R4* We can learn the parameters of
the model using GLOREE. Let be the window size for RNN.



Theorem 4 (Learning parameters of RNN for quadratic activaton function) We have the following properties for
an IO-RNN:

Ely ® Sa(aln),t)] =2 AY @ AP @ AT, (7)
i€dp,

Hence, we can recovet;, A, via tensor decomposition, assuming that they are full romkra
In order to learnU we form the tensaoE [y; ® S4(z:—1)], and under quadratic activations, we have

E [y; ® Reshap@Sy(z[n], ¢ — 1), [12],[34])] = >_ AY @ [U(A1 © 41)] D @ [U(A; © A))]D.
i€dp,

Hence, we can recovel (4; ® A;) via tensor decomposition. Sinck is previously recovered usingl), and
(A; ® Ap)T exists due to full rank assumption, we can recdveiThus, Algorithrill (GLOREE) consistently recovers
the parameters of IO-RNN under quadratic activations.

For proof, see AppendixB.1.

3.3 Training Bidirectional RNNs

Bidirectional Recurrent Neural network was first proposg@bhuster and Paliwel/[5]. Here there are two groups of
hidden neurons.The first group receives recurrent cororecfrom previous time steps while the other from the next
time steps. The following equations describe a BRNN

hy

E[l/t|ht,2t]:A2T [ 2

] o he=f(Arwy +Uhi—q), 2z = g(Bixg + Vzeg), (8)
whereh; andz; denote the neurons that receive forward and backward ctionscrespectively. Note that BRNNs
cannot be used in online settings as they require knowlefitfeeduture steps. However, in various natural language
processing applications such as part of speech (POS) BRiNN=ffactive models since they consider both past and
future words in a sentence.

We can learn the parameters of bidirectional RNN by moddyaur earlier algorithm. For notation simplicity,
Algorithm [2 shows the case for quadratic activation funtsig(-) andg(-). The general polynomial function is
considered in Algorithrnl4 in AppendixG.2.

Let us provide some intuitions. If we only had forward or baakd connections, we would directly apply our
previous method in GLOREE. For backward connections, thedifierence would be to use derivativesiofy: |+, 2]
w.r.t. z; 11 to learn the transition matriX’. Now that we have both hidden neurons mixing to yield the ouypctor
yt, the cross-moment tens@r = E[y; ® Sa(z[n],i)] has a CP decomposition where the factor matrix for the first
Th
T,
columns ofA; andT, incorporates columns d8,. Hence, under full rank assumption, as before, we can recbye
Next, we can invertd; to recoverl} andT,. We decompose them to recoutr and B;. The steps for recovering
andV remains the same as before in GLOREE. The only differenceusé derivatives dE[y;|h:, z¢] W.r.t. 2141 tO
learnV.

mode isAs,, i.e., the tensor has a specific forffi:= A , whereT}, corresponds to the tensor incorporating

Theorem 5 (Training BRNN) Consider the BRNN model as(@). Algorithm2 correctly recovers parameters of this
model.For proof, see AppendxB.2.

3.4 Sample and Computational Complexity Analysis

Sample Complexity: In order to analyze the sample complexity, we first need to@ncentration bound for

the cross-moment tensor, then we use analysis of the teesongosition to show the that sample complexity is
a polynomial of(d,, dy,dn, G, 25,05 (A1), 005 (A2), 0.1 (U)). Deriving concentration bound for the cross-

’ 1—0’ Y min » Omin

moment tensor is a bit more involved since we have a non-sedquence. Moreover, since we assume a polynomial



Algorithm 2 GLOREE-B (Guaranteed Learning Of Recurrent nEural nEteBidirection case) for quadratic acti-
vation function (general case is shown in Algorithin 4).

input Labeled sample$§(z;,y;) : ¢ € [n]} from IO-RNN model in Figurél1(b).
input 2nd-order score fUﬂCtIOﬁg( [n], [n]) of the inputz; see Equatiori{1) for the definition.
: ComputeT —]E[yz®82( [n],7)]. The empirical average is over a single sequence.
A (w, R},RQ,R3} tensor decompositidft'); see AppendikIF.
Ay =
: ComputeT T(((AQ) )=1 I, 1). For definition of multilinear form see Sectibh 2.
A (w, Rl,RQ,Rg} = tensor decomposm(ﬁﬂ”)
: O (R2 + Rg)/2
A Ay
7. C= { B, ]
8: Computedth-order score functioS,(z[n],t — 1) of the input sequence as in Equatibh (4).
o: Computef [ [y, ® Reshap@(S(z[n],t —1),[12],[3 4])].
10: {, Ry, Ry, R3} = tensor decompositi¢it’); see AppendikF.

11:U=R {Al ® Al} R = (Rg + R3) /2. ® is row-wise Kronecker product as in Definitibh 1.

12: Repeat lined (8):(11) witlsy(x[n], t + 1) instead 0fSy(z[n],t — 1) to recovery.
13: return Ay, A>, B1,U, V.

activation function, the hidden statg can grow in an unbounded manner. To avoid this, we imposetiaddi
assumptions on spectral norm of the model matrices and utitbes of generality assume thiatnorm of each entry
in the input sequence is bounded by 1. For detailed anakeisAppendikD.

Computational Complexity: The computational complexity of our method is related todbmplexity of the
tensor decomposition methods. See [6, 8] for a detailedidison. It is popular to perform the tensor decomposition
in a stochastic manner by splitting the data into mini-bascAnd reducing computational complexity. Starting with
the first mini-batch, we perform a small number of tensor pategations, and then use the result as initialization for
the next mini-batch, and so on. We assume that score furistigiiien to us in an efficient form. Note that if we can
write the cross-moment tensor in terms of summation of rhnkmponents, we do not need to form the whole tensor
explicitly. As an example, if input follows Gaussian dibtrtion, the score function has a simple polynomial form,
and the computational complexity of tensor decomposian(indd, R), wheren is the number of samples atitl
is the number of initializations for the tensor decompositiSimilar argument follows when the input is mixture of
Gaussian distributions.

o U A WN R

4 Conclusion

This work is a first step towards answering challenging qoestin sequence modeling. Many of the assumptions can
be relaxed, e.g., here we assumed IO-RNNs with aligned srgoud outputs which is not applicable to tasks such as
machine translation, and we can relax this assumption @imbtore general RNNs. We have assumed polynomial
activation functions at the neurons and our computatiomdisample complexity degrade exponentially in the degree
of the polynomial. It is an open question to develop strae¢p avoid this exponential blowup, and to extend it to the
usual sigmoidal units in RNNs. Architectures such as loragtsterm memory (LSTM) have much more complicated
non-linear dependencies, and it is unclear on how to anahama effectively. Extending this framework to HMMs
and general settings is subject of future research. Amalysidler non-stationary inputs is another challenging open
problem.

We have assumed the realizable setting where samples aeeatguh from a RNN. For general sequences, it
is unclear on how to analyze the approximation bounds. Whitmlid theoretical framework exists for function
approximation in the i.i.d. setting [21], the question opegximation bounds by a RNN with a fixed number of
neurons is not satisfactorily resolved|[12].
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A Notation

For completeness, all the notation required in the papePAapandices are gathered here as well.

Let[n] :={1,2,...,n}, and||u|| denote the; or Euclidean norm of vectar, and(u, v) denote the inner product
of vectorsu andv. For sequence of vectorszy, .. ., z,, we use the notation[n] to denote the whole sequence. For
vectorv, v*™ refers to elementwiser" power ofv. For matrixC' € R?*¥, the j-th column is referred by’; or c;,

j € [k], thej" row is referred byC') or ¢), j € [d] and|C|| denotes the spectral norm of matfx Throughout

this paper,V&m) denotes then™ order derivative operator w.r.t. variahte

Tensor: Arealm™ order tensorl’ € @™ R is a member of the outer product of Euclidean sp@®sThe different
dimensions of the tensor are referred toxasdes For instance, for a matrix, the first mode refers to colunmtsthe
second mode refers to rows.

Tensor matricization: For a third order tensdf € R?*?x4, the matricized version along first mode denoted by
M € R is defined such that

T(i,5,0) =M@, 1+ (§—1)d), 1,4,1l€]d. 9

Tensor Reshaping: 7> = Reshapély, vy, ...,v;) means thaf; is a tensor of ordet that is made by reshaping
tensorT; such that the first mode &, includes modes of; that are shown i, the second mode df, includes
modes ofl; that are shown i, and so on. For exampleT, is a tensor of ordes, T, = Reshap€li, [1 2], 3,[4 5])

is a third order tensor, where its first mode is made by conediten of modesg, 2 of 77 and so on.

Tensor rank: A 3rd order tensof” € R4*4*4 js said to be rank-if it can be written in the form
T=w-a®b®ce T(i,j,1) =w-a(i)- b)) - (), (10)

where® represents theuter productanda, b, ¢ € R? are unit vectors. A tensdf € R%*?*4 is said to have a CP
(Candecomp/Parafagnk & if it can be (minimally) written as the sum éfrank-1 tensors

T = Z w;a; @ b; ® Ci, W; € R, ai,bi,ci S Rd. (11)
i€ [k]

Note thatv®? = v @ v @ v- - - ® v, wherev is repeategh times.

Definition 2 (Row-wise Kronecker product) For matricesA, B € R%**, theRow-wise Kronecker produet R4*+*
is defined below

e e o & b0
NE) ey 0@ 5 b

© . = . )
B 20 POEAE)

wherea® b are rows ofA, B respectively. Note that our definition is different from aisdefinition of Khatri-Rao
product which is a column-wise Kronecker product (is parfed on columns of matrices).

Tensor as multilinear form: We view a tensofl’ € R4*?*xd a5 a multilinear form. Consider matricdd; <
RIxd: | € {1,2,3}. Then tensofl (M, Mo, M3) € RH @ R% @ R% is defined as

T(My, Mz, M3)i, s is = Z T}y jarjs - M1 (g1, 1) - Ma(j2,42) - M3(j3,43). (12)
J1,J2,J3€[d]
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In particular, for vectors, v, w € R?, we havél

T(Iv,w)= Y vywT(:j1) €RY, (13)
J,leld]

which is a multilinear combination of the tensor motébers. SimilarlyT'(u, v, w) € R is a multilinear combination
of the tensor entries, aril(1, I, w) € R?*? is a linear combination of the tensor slices.

Derivative: For functiong(x) : R¢ — R with vector inputr € R¢, them-th order derivative w.r.t. variable is
denoted bwém)g(:v) € ®™ R (which is am-th order tensor) such that

Jg()

. . :: ?
Wyeenim 04, 0T4, -+ - 04,

{V;m)g(x)} i1,y im € [d]. (14)

When it is clear from the context, we drop the subscripind write the derivative a8 (™) g(z).

Derivative of product of two functions We frequently use the following gradient rule.

Lemma 6 (Product rule for gradient [7]) For tensor-valued functiong’(z) : R* — @ R",G(z) : R* —
X" R", we have
V.(F(2) ® G(z)) = (Vo F(2) ® G(2)'™ + F ® V,G(x),

where the notation™ denotes permutation of modes of the tensor for permutatiatovr = [1,2,...,p1,p1 +
2,p1+3,...,p1 +p2 + 1,p1 + 1]. This means that th@; + 1)™ mode is moved to the last mode.

B Proof of Theorems 4[5

B.1 Proof Theorem4
The underlying idea behind the proof comes from Thedrkm 1TiBgoreni]l we have that

E [y ® Sa(x¢)] = VitE [ye|ze] -

In order to show the derivative form more easily, let us lob#exivative of each entry € [d, ] of the vectory;.

E[(y)iked] = {(A2)o, (Arze + Uhi)™) = 3 (A (A9, ) + 09 k)
Jjedn

V2. El(y)ilz] = V3, Z (A2)ji ((Agj),wﬁ +(UW, ht_l))Q

JjE€dn
=2 Z (Ag)jivxt (<A§7),It> + <U(J), ht,1>) Agj)
Jj€dn
=2 Z (Az)jiAgj) ® Agj),
J€dn
V2 Elylr] =2 AY @ AV © AP,
jEdn

and hence the form follows. By Theoréiin 1 we have that

E[y: ® Sa(we-1)] = Vi, ,E [ye|zs—1]

“Compare with the matrix case where fof € R%*%, we haveM (I, u) = Mu := 3 (g uj M(:,j) € R%.
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In order to show the derivative form more easily, let us lobkach entry € [d, ] of the vectory;.

()i = (<A§’“>,xt>+ > U (A0 200 + <U<l>,ht_2>)2)

l€[dn]
2
2
Bl(g)ilee) = 3 (Aa)w (<A§’“>,xt>+ > Un (A i) + (U0 i) ) .
ke(dn) l€[dn]

The form follows directly using the derivative rule as in Lea6.

T=V! Elplra]=2> AV @ Y a0 4P @ 3 UjmaA™ o A,
JEdp kedp medp

Now when we reshape the above terSdo Reshapevs,  Ely:|:1], [1 2], [3 4]) we have the forn}_ ., AV ®
[U(A1 © A1))D @ [U (A1 © A1)]D).

B.2 Proof of Theorem®

[ R
E[yt|htazt] = AQT ztt. }

Hence,

[ V2.h
T =V2 Elyslhe, 2] = Ay | o3t ]

2
L th Zt.

AT Dicay € @ (A1) @ (A1)
2| Yiea, e @ (B)@ @ (B)Y.

The second Equation is direct result of Lermimha 4. Therefbregidecompose the above tensor, the first mode yields
the matrixAs. Next we remove the effect of, by multiplying its inverse to the first mode of the moment taris.
By the above Equations, we readily see that

—1 icdy ¢ ® (A1 @@ (AW
e nn = [ e D o & .

(1)
This meand'((42)~ Y, 1,1) = e; Q¢ ® ci, wheree; = [ Egli(i) } . Hence, Algorithni R correctly recovers
1

As, A1, By. Recovery of, V directly follows LemmaT.

i€dp

C GLOREE for General Polynomial Activation Functions

C.1 GLOREE for IO-RNN with polynomial activation functions

Here, we consider an RNN with polynomial activation funotaf order! > 2, i.e.,
Ely:|he] = Ag ht,  hy = poly;(Arxs + Uhi_1). (15)

We have the following properties.
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Theorem 7 (Learning parameters of RNN for general polynomiactivation function) The following is true:

Ely: ® Salaln], t)] = > piAd) © AP @ AP, (16)
i€dp

Hence, we can recovet;, A, via tensor decomposition assuming that they are full rovkran
In order to learnU we form the tensaoE [y; ® Sp2(x:—1)]. Then we have

E [y @ Reshap@Sis (e[, t = 1), 1 [1 .. 1], [P =141 2] = 37 4l @ [[U(agh) “)rgl. (17)
i€dp,

Hence, we can recoveiV(A?l) via tensor decomposition under full row rank assumptiomc&i; is previously
recoveredUU can be recovered. Thus, Algoritith 3(GLOREE) consisteptlpvers the parameters of IO-RNN with
polynomial activations.

Remark on form of the cross-moment tensor: The cross-moment tensor in Equatibnl(17), is a tensor ofrérde,
where modes, . .., 1 + 1 are similar, i.e., they all correspond to rows of the maltfid!) = U(A; © Ay ... ® Ay),
whereA; has gone through row-wise Kronecker produtinnesﬁ. This is a direct extension of the form in Theorgim 4
from{ = 2to anyl > 2.

Remark on coefficientsp;:  For the cross-moment tensor [ (7), the coefficigntsare the expected values of
derivatives of activation function. More concretely, ifti@ation is a polynomial of degrek we have thaf; =

E {polyl_z <A§i),a:t> + (U™, ht,1>) , Wherepoly,_, denotes a polynomial of degrée- 2. Similarly, the co-
efficients of the tensor decomposition [n}17) correspondxpectations over derivatives of (recursive) activation
functions. We assume that these coefficients are non-zeraler to recover the weight matrices.

Remark on tensor decomposition via sketching: Consider lin€_II0 in Algorithrl3 and lirié 7 in AlgoritHoh 4. Here
we are decomposing a tensor of ortled. In order to perform this with efficient computational comty, we can use
tensor sketching proposed by Wang etlall [11]. They do naobfine moment tensor explicitly and directly compute
tensor sketches from data. This avoids the exponentialugow computation, i.e., it reduces the computational
complexity fromm!*! to (m + mlogm)n, wherem is the sketch length and denotes the number of samples. As
expected, there is a trade off between the sketch lengthhanettor in recovering the tensor components. For detalils,
seel[11].

Proof: By TheorentlL, we have that

E[y: @ Sa(a[n), 1)) = V2, E [ys|z],
E [y ® Reshap@S;: (z[n],t —1),[1 ... I],..., [ =1+ 1 ... I*])]
—E [Reshapevftyt,l,[z N | O 12+1])} .
The form follows directly using the derivative rule as in Lieal6.
(]

Thus, we provide an efficient framework for recovering afl theight matrices of an input-output recurrent neural
network using tensor decomposition methods.

C.2 GLOREE-B for BRNN with general polynomial activation function

In Algorithm[4, we show the complete algorithm for trainin@BN when the activation functions are polynomials of
orderl. The analysis directly follows from analysis of BRNNs withagratic activation functions and the extension
tol > 2 is similar to extension of IO-RNNs with quadratic activatifunctions to general polynomials of order 2.

3Since row-wise Kronecker product (as defined in notationglscot change the number of rows, this matrix multiplicat®valid.
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D Sample complexity analysis

We now analyze the sample complexity for GLOREE. We firsttstéth the concentration bound for the moment
tensor and then use analysis of tensor decomposition to #hawwour method has a sample complexity that is a
polynomial of the model parameters.

We first derive concentration bounds for the empirical motntemsors. This is a bit more involved since we have
anon-i.i.d. sequence. Moreover, since we assume a pohahantivation function, the hidden statgcan grow in an
unbounded manner. To avoid this, without loss of generaligyassumdz;||» < 1, Vi € [n] (with high probability).
We also need the three additional assumptions mentioned/bel

Concentration bounds for functions over Markov chains:  Our input sequence|[n] is a geometrically ergodic
Markov chain. We can think of the empirical momeiy; ® Sy, (x([n],t)] as functions over the sample$n] of
the Markov chain. Note that this assunigs] andy[n] as deterministic functions af[n], and our analysis can be
extended when there is additional randomness. Kontor@ridiWeiss| [16] provide the result for scalar functions and
this is an extension of that result to matrix-valued funcsio

We now recap concentration bounds for general functions arkb chains. For any ergodic Markov chain with
the stationary distributiow, denotef,_,:(z:|z1) as state distribution given initial staig. The inverse mixing time
is defined as follows

Pmix (t) = sup || f1st(2e]21) — W]
T
Kontorovich and Weiss [16] show that
Pmix(t) S Get_la

wherel < G < oo is geometric ergodicity an@l < § < 1 is the contraction coefficient of the Markov chain.

In the IO-RNN (and BRNN) model, the output is a nonlinear fim of the input. Hence, the next step is to
deal with this non-linearity. Kontorovich and Weiss|[16]adyre the mixing of a (scalar) nonlinear function through
its Lipschitz property. In order to analyze how the empirit@ment tensor concentrates, we define the Lipschitz
constant for matrix valued functions.

Definition 3 (Lipschitz constant for a matrix-valued function of a sequence)A matrix-valued functio® : R"% —
R x4z is c-Lipschitz with respect to the spectral norm if

wp 12ln) — @GR _

o),z 12[n] — Z[n]]2

wherez[n], Z[n] are any two possible sequences of observations. Heltalenotes the spectral norm aii#<- is the
state space for a sequencerobbservations:[n].

Concentration of empirical moments of IO-RNN and BRNN: In order to ensure that the empirical moment tensor
has a bounded Lipschitz constant, we need the followingnagsans.

Assumptions:

e Without loss of generality, we assume that the input sequié&nbounded by with high probability,||x;|| <
1 Vi € [n]

e Assume thaf|A;|| + ||U]|| < 1.
e If the activation function is a polynomial of ord&rwe need|U|| < 1/1.

. ?elﬁl)ji IS2(z[n], )], ?elé[ln)ii {l|S3(z[n], 1) — S2(z[n],7) ® Si(x[n], )|} are bounded.
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Under the above assumptions, we have that

Lemma 8 (Lipschitz property for the Empirical Moment Tensor) For the IO-RNN discussed i@3), if the above

assumptions hold, the matricized tensor D@E{yl ® Sa(x[n], i)]) is a function of the input sequence with Lipschitz
constant

< lwmax [S2(x[n], )|l + [|Azll]| max {[|Ss(z[n], i) — Sa(z[n],i) ® Si(z[n],9)[|}.  (18)
n 1 l”U” i1€[n] i€[n]

Remark:  For a Gaussian AR-1 process, form of the score function isshio (5). Sincel¢| < 1, we have that
max [|Sz(lnl, )l < (14 16)* + (1 + [#])* < 20,
max {183 (x[n], 1) — Sa(a[n], i) ® Si(z[n], D)} < (1 +[])* < 16.

As we see, the third assumption is met and the Lipschitz eobh&t

20 | 4] As
< ————— +16|| 42|
< SR 164

D.1 Proof of lemmal8: Lipschitz property for the Empirical Mo ment Tensor

In order to prove lemmia 8, we first need to show that the ma&ittross-moment tensor is a Lipschitz function of
the input sequence and find the Lipschitz constant.

We first show that the output function is a Lipschitz functafrthe input sequence and find the Lipschitz constant.
In order to prove this, we need the above assumptions toeaswunded hidden state and a bounded output sequence.
Then, we have that

Lemma 9 (Lipschitz property for the Output of IO-RNN) For the IO-RNN discussed {@5), if the above assump-
tions hold, then the output is a Lipschitz function of theutngequence with Lipschitz consta}p fﬁ'}Héﬁ” W.LL. /o
metric.

Proof:  This follows directly from the definition. In order to find thépschitz constant, we need to sum over all
possible changes in the input sequence [15]. Thereforepweadderivative of the function w.r.t. each input entry and
then take the average the results to provide an upper boutttedripschitz constant. With the above assumptions, it
is straightforward to show that

IVl < U7 Al | A [T

Taking the average of this geometric seriesfoe [n] and large sample sequence, we g 3‘1""‘3‘1‘” as the
O

Lipschitz constant.
Next we want to find the Lipschitz constant for the matriciteusor?” = E[y; ® S2(z[n], 7)] which is a function
of the input sequence. Considering the rule for derivatiyeroduct of two functions as in Lemnhé 6 we have that

Ve, yi © Sa(xlnl, i) = Sa(x[n], i) @ Ve, yi + i @ Va, Sa(2[n], 1)
Note that by definition of score function il (3), we have that
Va,82(x[n], i) = S3(x(n], 1) — S2(z[n], i) ® Si(x[n], ).
Hence,

IVa,yi @ Sa(z[n], i)l = |S2(x[n], 1) @ Ve, yi + yi @ Vo, Sa([n], )|
< max [S2(z[n], I Azll + IV, pill max {lISs(x[nl, i) = Sa(z[n], i) @ Si(x[n], )|}
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and assuming that_h?>]< |S2(z[n], 7)]], ma {|S3(x[n], i) — Sa(x[n],i) ® Si(z[n],4)||} are bounded values, it is
SIO i€n
straightforward to show that M&E[y; @ S2(z[n],?)]) is Lipschitz with Lipschitz constant

_ LA . .
= e s Sa(efnl Dl + 1A o V. Ss(ao] )]

Now that we have proved the Lipschitz property for the cnossnent tensor, we can prove the concentration
bound for the IO-RNN.

Theorem 10 (Concentration bound for RNN) For the 10-RNN discussed {@L5), let z[n] be the sequence of matri-
cized empirical moment tensors I\/(zfi[yi ® Sa(z[n], z')]) fori € [n]. Then,

1+ =L d, + d2
2 — ()] < Gﬂ\/mmg <+)

1-6
with probability at leastl — §, whereE(z) is expectation over samples of Markov chain when the indlistribution
is the stationary distribution andis specified in Equatio(fl8).
Proof of Theorem[10

In order to get the complete concentration bound in Thedr@mak need Lemmil 8 in addition to the following
Theorem.

Theorem 11 (Concentration bound for a matrix-valued function of a Marlchain] Consider a Markov chain with
observation sampleg[n] = (z1,...,z,) € S™, geometric ergodicity7, contraction coefficierd and an arbitrary
initial distribution. For anyc-Lipschitz matrix-valued functiod(-) : S — R%1 %92 we have

1+ dy +d
@ - Blo]| < GM\/sCinog <+>

1-46

with probability at leastl — ¢, whereE(®) is expectation over samples of Markov chain when the irdlistribution
is the stationary distribution.

Proof:  The proof follows result of [15], [22], and Matrix Azuma themn (which can be proved using the analysis
of [17] for sum of random matrices). The upper bound can beudeled into two parts, (1)® — E[®]|| where the
expectation is over the same initial distribution as use@fand (2) the difference betwe&h®] for the case where the
initial distribution is the same initial distribution asedfor® and the initial distribution being equal to the stationary
distribution. It is direct from analysis of [16] that thetiat is upper bounded by, Go~0-1D < % The former can
be bounded by Theoreml12 below and hence Thebrém 11 follows. O

Theorem 12 (Matrix Azuma [23]) Consider Hidden Markov Model with finite sequence:aamplesS; as obser-
vations given arbitrary initial states distribution andlépschitz matrix valued functio® : ST — R91*42 then

1 dl d2
_ < 2 - “
|® — E[®]|| 1 9\/80 nlog ( 5 ),

with probability at leastl — 6. TheE[®] is given the same initial distribution of samples.

Proof:  This proof is from|[28] and is repeated here for completen&ébgorem 7.1.[17] provides the upper confi-
dence bound for summation of matrix random variables. @emsa finite sequence of matricds € R% >, The
variance parameter® is the upper bound foy_, [, — E,_; [¥,]], Vi and we have that

di +do
6 b

1) W — Eia[W]] || < 4/802log
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with probability at least — ¢. For function®, we define the martingale difference of functidras the input random
variable with arbitrary initial distribution over states.

MD;(®; S1) = E[®[S]] — E[®|S] '],

whereSﬁ is the subset of samples from i-th position in sequence logre. Hence, the summation over these set
of random variables giveEB[®|S]] — E[®] = ®(ST) — E[®], E[®] is the expectation with the same initial state
distribution.

Then it remains to find which is the upper bound foiMD ;(®; S?)|| for all possible sequences. Define M) =
msa}x MD;(®; S%). By [16], MD;(®) is a c-Lipschitz function and is upper bounded®§(n — 7).

O
Considering the analysis of tensor decomposition analgd&], Theoren 1D implies polynomial sample com-
plexity for GLOREE. The sample complexity is a polynomialdf, d,., di,, G, 125, 0min (A1), opmin (A2), 000t (U)).
Detailed proof is similar to analysis inl[8],__[23] Note thattivsimilar analysis we can prove polynomial sample
complexity for GLOREE-B.

E Discussion

E.1 Score Function Estimation

According to [7], there are various efficient methods foimaating the score function. The framework of score match-
ing is popular for parameter estimation in probabilisticdals [24) 25], where the criterion is to fit parameters based
on matching the data score function. Swersky et al. [25]yaeathe score matching for latent energy-based models.
In deep learning, the framework of auto-encoders attenopfisd encoding and decoding functions which minimize
the reconstruction error under added noise; the so-cal@IBing Auto-Encoders (DAE). This is an unsupervised
framework involving only unlabeled samples. Alain and Bierj@€] argue that the DAE approximately learns the first
order score function of the input, as the noise variance tesro. Sriperumbudur et all[9] propose non-parametric
score matching methods that provides the non-parametie $anction form for infinite dimensional exponential
families with guaranteed convergence rates. Therefore&amaise any of these methods for estimatshgr[n], [n])

and use the recursive form [7].

Sm(x[n], [n]) = - m—l(x[n]v [n]) ® vm[n] 1ng(x[n]) - vm[n]Sm—l(x[n]v [n])

to estimate higher order score functions.

E.2 Training IO-RNN and BRNN with scalar output

In the main text, we discussed training IO-RNNs and BRNNs$1witctor outputs. Here we expand the results to
training IO-RNNs and BRNNs with scalar outputs. Note thatiider to recover the parameters uniquely, we need the
cross-moment to be a tensor of order at I&asthis is due to the fact that in general matrix decompositioes not
provide unique decomposition for non-orthogonal compésieim order to obtain a cross-moment tensor of order at
least3, since the output is scalar, we needs its derivative terefayeder at leas8. In order to have a non-vanishing
gradient, the activation function needs to be a polynonfiatder! > 3.

Hence, our method can also be used for training I0-RNN and IBRINh scalar output if the activation function
is a polynomial of ordet > 3, i.e., Lety, be the output of

Elye|he] = (a2, he), by = poly,(Arzy + Uhy—1),
wherez; € R%_ h, € R% y, € Rand henced; € R4#*d [ ¢ R¥xdn ¢, € R, We can learn the parameters of

the model using GLOREE with guarantees.
We have

19



Lemma 13 (Learning parameters of RNN for general activationfunction, scalar output)

Elye @ Ss(z)] = Y piaz, AV @ AP @ AP,
iedh

i = E [(<A§i),$t> + <Ui, ht—l>)*(lg)]

In order to learnU, we form the tensof [y: ® Reshap@Sz (z;—1),1,[1 ... I],...,[[? =1 +1 ... I?]]. Then we
have

E [y ® ReshaptSe (w,—1), L,[1 ... I, 2 =141 ... P = Y (az)i ® [[U(A?l)} (“}@l,
i€dp

where® is the row-wise Kronecker product definedlin 1. Hence, sinekmowA;, we can recovel/ via tensor
decomposition.

We can prove that we can learn the parameters of a BRNN withrszatput and polynomial activation functions
of order! > 3 using the same trend as for Lemfia 5.

E.3 Training Linear IO-RNN

In the paper we discussed the problem of training IO-RNN& wilynomial activation function of ordér> 2. Here
we propose a method for training IO-RNNs with linear acimafunctions. Although our proposed methods for two
cases differ in nature, we include both of them for complessrand covering all cases.

Sedghi and Anandkumar [27] provide a method to train firsttaf feed-forward neural networks using the first-
order score function of the input. For a NN with vector outgbeir formed cross-moment is a matrix of the form
Ely ® S1(z)] = BA1, whereA; is the weight matrix for the first layer an@ is a matrix that includes the rest of the
derivative matrix. Then they argie thatf; is sparse, the problem of recoverirg is a sparse dictionary learning
problem that can be solved efficiently using Sparse Dictiphaarning Algorithm|[23].

Here we show that for IO-RNN with linear activation functjeve can expand the result of Sedghi and Anandkumar
[27] to the non-i.i.d. input sequence.

Let

ye = Ag by, hy = Ayxy + Uhyq,

wherex; € R h; € Ry, € R, A] € R¥¥dv and henced; € R%*d= 7 ¢ Rl ¥dn,
Letg[n] = [y1,¥2, - -, Yn], Z[n] = [x1, 22, ..., x,]. Similar to our earlier analysis, we have

E[gln] ® 8(Z[n], [n]) = Vapyln]

For our linear model the derivative has a Toeplitz form. Assg thatA, is sparse, we can use this structure and
Sparse Dictionary Learning Algorithm [28] to recover thedabparameters.
Below we write the cross-moment Topelitz form for= 4 for simplicity.

AJ Ay 0 0 0
AJUA,  AJA, 0 0
AJU%A; AJUA,  AJAL 0
AJU%A; AJU?A; AJUA, A]A,

If we recover the Toeplitz structure, we have access to thesimg matrices: As A1, AsU Ay, ..., AU Ay, Next,
we put these matrices in a new matfixas below.

E[gln] © S(&[n], [n]) =

A Ay
AU A,
C = .

AU Ay
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Itis easy to see that' = BA; for matrix B as shown below

Ay Ay
AU Ay
B= ,

AU™ A

Now assuming thatl; is sparse and3 is full column-rank, we can recovet; using Sparse Dictionary Learning
Algorithm [28].
LetU = VAV T be the singular-value decompositioniofwhereA = Diag();). Itis easy to show that, to ensure

that B is full column-rank, we need the singular-valuedioto satisfy\; ~ ﬁ. Once we recoved, we can recover

Ay = AgAlAfl andU = AEIAQUAlAfl.

F Spectral Decomposition Algorithm

As part of GLOREE, we need a spectral/tensor method to dessenfne cross-moment tensor to its rank-1 com-
ponents. Refer to notation for definition of tensor rank asdank-1 components. As depicted in notation, we are
considering CP decomposition. Note that CP tensor decatigrofor various scenarios is extensively analyzed in the
literature [29], [30], [31],[32],.[7],[3]. We follow the nmt&od in [8].

The only difference between our tensor decompositionrgpttnd that of [8] is that they have a symmetric tensor
(i.e., T = Ziem ¢; ® ¢; ® ¢;) whereas in GLOREE, we have two asymmetric tensor decorigogrocedures in the

form of T = Y i bi © ¢; ® ¢;. Therefore,

1 We first make a symmetric version of our tensor. For our $jgemase, this includes multiplying the first mode
of the tensor with a matrixD, such thatl'(D, I, 1) ~ Ziem ¢ ® ¢; ® ¢;. We use the rule presented in[[33] to

form the symmetrization tensor. For exampleTor= E[y; ® Sz(z[n], 1), we useD = [Ely; ® Si(z[n], )] L.

2 Next, we run the tensor decomposition procedure as|in [8gtover estimates df;,i € [r]. The steps are
shown in FiguréR. For more details, s2e [8].

3 The last step includes reversing the effect of symmetdmanatrix D to recover estimate df;, i € [r]. For
more discussion on symmetrization, see [33].

Our overall algorithm is shown in Algorithid 5.

Remark on tensor decomposition via sketching: Consider lind_ID in Algorithmi]3 and lifg 7 in Algorithii 4.
Here we are decomposing a tensor of orderl. The tensor decomposition algorithm for third order tenrsadily
generalizes to higher order tensors. In order to perforawmiith efficient computational complexity, we can use tensor
sketching proposed by Wang et al.[[11]. They do not form thenerat tensor explicitly and directly compute tensor
sketches from data. This avoids the exponential blowup mpzdation, i.e., it reduces the computational complexity
fromm!*! to (m + mlog m)n, wherem is the sketch length anddenotes the number of samples. As expected, there
is a trade off between the sketch length and the error in ety the tensor components. For details, see [11].
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Input: Tensofl" = 3=,y Aiug”®
4
Whitening procedure

{

SVD-based Initialization

{

Tensor Power Method
J
OUtpUt: {ui }iE [k]

Figure 2:Overview of tensor decomposition algorithm for a symmetnicd order tensor [8].

Algorithm 3 GLOREE (Guaranteed Learning Of Recurrent nEural nEtwdidksyector input

input (a) Labeled sampleS(z;,y;) : i € [n]} from I0-RNN model in Figuré€I1(b), polynomial ordéfor activation

10:

0 N OO s W N R

function.

: Compute2nd-order score functiofz(z[n], ¢) of the input sequence as in Equatibh (4).
: ComputeT := E [y; @ S2(z[n], )].The empirical average is over a single sequence.
- {w, Ry, Ry, R3} = tensor decompositidft’); see AppendikF.

Ay =Ry, Ry = (R2 +R3) /2.

: Computel®th-order score functios;- (z[n], i) of the input sequence as in Equatibh (4).
: Computel’ = E [y, ® ReshapgS (z[n],t — 1), [1 ... I],...,[2 =1 +1 ... 1?]].

: {w, R1, Re, R3} = tensor decompositidff’); using sketching [11].

: R: (Rg-i-Rg) /2

N AT A .t
:U=R [Al ® Al} , row-wise Kronecker producy is defined in Definition 2.

return A;, As,U.
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Algorithm 4 GLOREE-B (Guaranteed Learning Of Recurrent nEural nEtedldirection case) for general activa-
tion function

input Labeled sample$(z;,v;) : ¢ € [n]}, polynomial order;, for activation function in the forward direction,
polynomial ordei, for activation function in the backward direction.
input 2nd-order score functiofs(z[n], [r]) of the inputz; see Equatiori{1) for the definition.

1: ComputeT —]E[yz®82( [n],4)].

2: {(w, R},RQ,R3} tensor decompositidft’); see AppendikIF.

3 Ay =

4: ComputeT T(((AQ) )~1,I,1). For definition of multilinear form see Sectibn A.

5. {(w, Rl,RQ,Rg} = tensor decomposm(ﬁﬂ”)

6. C = (RQA‘F R3)/2

o |4

7. C = { B, ]

8: Computeth-order score functios;: (z[n], ¢ — 1) of the input sequence as in Equatibh (4).
9. Computel’ = E [y, ® Reshap@Siz (z[n],t — 1), 1,[1 ... I],...,[2—1+1 ... ?]].

10: {0, Ry, Ry, R3} = tensor decompositigi); using sketchind [11].
11: R = (RQ + Rg) /2
N AT oA .t
122 U=R [Al ® Al} , row-wise Kronecker producp is defined in Definition 2.

13: Repeat line(8)-(11) witlsy(x[n], t + 1) instead ofSy(z[n],t — 1) to recovery.
14: return Ay, As, By, U, V.

Algorithm 5 Tensor Decomposition Algorithm Setup

input Asymmetric tensofl’, symmetrization matrixD.
1: Symmetrize the tensorf = T(D, 1,1).
2: (A1); = TensorDecomposition(T’) as in FiguréR. For details, see [8].
3 Ay = D_lAl
4: return As, Ay, Ay
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