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The proofs of the paper “Error Exponents for Composite Hypothesis Testing of Markov Forest Distribu-
tions” are provided. Note that all equation numbers refer to the corresponding equation in the main paper
(e.g., (1) refers to equation (1) in the main paper). The same holds for theorems, propositions and lemmas.

1 Proof of Proposition 2

Proof We start from (8) which says that the acceptance region for the GLRT is given as

An(GLRT) :=
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}
, (A-1)

since Λ0 = {p} is a simple hypothesis and Λ1 = D(X d, T d \ {T0}). Now we examine the numerator which
can be written as
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∑
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where in (A-4), we used the fact that given any tree structure E, the ML parameters on the nodes and edges
are precisely given by the type, i.e., q∗i = µ̂n

i for all i ∈ V and q∗i,j = µ̂n
i,j for all (i, j) ∈ E. Thus, we have

shown that the edge set of the ML distribution is given by the second-best MWST. Next, notice that
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log p(xk) = −
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H(µ̂n
i ) +
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I(µ̂n
i,j). (A-6)

Combining (A-5) and (A-6) gives the simplified form of the GLRT in Proposition 2. 2

2 Proof of Theorem 3

Proof Note from the optimization for the worst-case type-II error exponent

J∗(p) := inf
q∈D(Xd,T d\{T0})

D(q || p) (A-7)
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can be written as a nested minimization:

J∗(p) = min
T∈T d\{T0}

[
inf

q∈D(Xd,T )
D(p || q)

]
, (A-8)

where D(X d, T ) is the set of distributions Markov on the tree T . We now characterize the inner optimization
in (A-8). Define

Ψ(T ; p) := inf
q∈D(Xd,T )

D(p || q). (A-9)

Then, since the tree structure E is fixed, by using the tree decomposition of q, Ψ can be expressed as

Ψ(T ; p) = inf
q∈D(Xd,T )

{
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]}
, (A-10)

= −H(p) +
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=
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where (A-11) follows from the fact that the optimizing distribution q∗i = pi for all i ∈ V and q∗i,j = pi,j for
all (i, j) ∈ E and (A-12) follows from the tree decomposition of p as in (1). From (A-12), we observe that for
calculating J∗(p) in (A-8), we only need to optimize over the second term, i.e., over the structure E. Thus,
the problem reduces to

J∗(p) =
∑

e∈E0

I(pe)− max
T=(V,E)∈T d\{T0}

∑

e∈E

I(pe). (A-13)

The optimization in (A-13) is a MWST problem with the constraint that the optimizing tree structure cannot
be equal to E0. Thus, the second best MWST is chosen. It is well known that [1] that the second best
MWST differs from the MWST by a single edge. Hence,

J∗(p) = min
e′ /∈E0

min
e∈Path(e′;E0)

I(pe)− I(pe′). (A-14)

Finally, by using the data-processing inequality [2, Ch. 1], we observe that only non-edges e′ = (i, j) such
that L(i, j) = 2 need to be considered since for nodes i and l with L(i, l) > 2, I(pi,l) ≤ I(pi,j) for any node
j along the path connecting nodes i and l (see Fig. 2). Hence (11) holds.

The existence of q∗ also follows because for fixed p, the relative entropy D(p || ·) is lower semi-continuous1

over P(X d) and the constraint set D(X d, T d \ {T0}) is compact. 2

3 Proof of Corollary 4

Proof The mutual information between jointly Gaussian random variables (Xi, Xj) ∼ pe = pi,j is [2, Ch. 7]

I(pe) = I(Xi;Xj) =
1

2
log

[
1

1− ρ2e

]
, (A-15)

where ρe is the correlation coefficient of Xi and Xj . Furthermore, for a non-edge e′ spanning two edges e1
and e2, the correlation coefficient is given by ρe′ = ρe1ρe2 . This follows from the Markov property. This
completes the proof in light of (11) in Theorem 3. 2

4 Proof of Theorem 5

Proof This follows along exactly the same lines as Theorem 3. 2

1This follows from the positivity of the distributions.
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5 Proof of Proposition 6

Proof (⇒) Suppose there exists such a δ > 0. Then all I(pe) > 0 for all edges e ∈ E0. Then all the
differences in mutual information quantities I(pe) − I(pe′) (where e′ ∈ E1 could possibly replaced e ∈ E0)
would be strictly positive and hence J∗(p) > 0 from (11) .
(⇐) Assume that J∗(p) > 0. Suppose, to the contrary, such a δ > 0 does not exist. This means that there
exists a e′ ∈ E1 and a p ∈ Λ0 such that I(pe) = 0 for some e ∈ Path(e′;E0). Then I(pe) = I(pe′) and the
error exponent J∗(p) = 0, a contradiction. 2

6 Proof of Proposition 7

Proof We start from the result in Corollary 4, which says that the worst-case type-II error exponent is
given as

J∗(Λ0,Λ1) = min
e1,e2∈E0:e1∼e2

1

2
log

[
1− ρ2e1ρ

2
e2

1− ρ2e1

]
. (A-16)

Thus, the optimization reduces to

J∗(Λ0,Λ1) = min

{
1

2
log

[
1− ρ2e1ρ

2
e2

1− ρ2e1

]
: η1 ≤ |ρei | ≤ 1− η2, i = 1, 2

}
. (A-17)

Now, it is easy to verify that the function f : [η1, 1−η2]
2 → R given by the recipe f(x, y) := (1− x2y2)/(1− x2)

is minimized when x and y attain the lower and upper boundary points respectively. This completes the
proof. 2
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